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PREFACE 


The present volume is in many respects a companion volume to the earlier 
Colloquium Publication of Palev and Wiener. The same tools are used in both. 
(Set 1 Appendix.) Certain topics such as the* closure of trigonometric sequences 
and some problems of P61ya are treated in both. The technique of the Fourier 
transform in the complex domain developed in Paley and Wiener has, in the 
present volume, been further extended in the solution of such problems as the 
general unrestricted gap Taubcrian theorem. 

The contents break up into four parts. Largo portions of the first two parts 
have appeared in various journals during the past four years. The last two 
parts consist almost entirely of new material. The fiist part consists of Chap¬ 
ters I, 11, TIT, and IV; the second part of Chapters V, VI, VIT; the third part of 
Chapters VIIL and IX ; and the fourth part of Chapters X, XI, and XII. 

The present volume covers the various topics considered in some detail, 
most results being “best possible.” Nevertheless for many of the topics treated 
there are several directions for further work in refining or developing these topics. 

I am very much indebted to Professor J. D. Tamarkin for the painstaking 
manner in which he has examined and criticized this book. 

Norman Levinson 

Massachusetts Institute of Technology 
Cambridge, Massachusetts 
June 24 , 1939 
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CHAPTER I 

ON THE CLOSURE OF (e tX "*}, I 

1. Introduction. Among the* basic facts known about the sequence of func¬ 
tions — x < n < oOj are 

1. y u \, — x < n < X, is dosed over ( — tt, tt); that is, if /(r) t — rr) 
then 


J f(x)e' n *dx = 0, —w<w<oo, 

implies 1 Hal /(.r) is a null function. 

2. To a function /(jt) tt) there belongs the Fourier series 

£ a„e' nr , a„ = 1 f_J(x)e-" r dx. 

This series will under certain conditions converge to the function f(x), and under 
other conditions, although it may diverge, can nevertheless be summed to the 
function f(x). 

In the first four chapters we shall generalize these properties of {e tnr } to 
sequences |c ,x " J } with various conditions on |X„). As is often the case these 
general results will, among other things, lead us back to certain properties of 
expansions in \ c ini \. 

The closure of {d XnT } can be related at once to theorems on analytic func¬ 
tions. For suppose that a sequence |< ,x " r | is not closed. This means that 
there is at least one function, f(x), not equivalent to zero such that for all X* 
of the sequence 

I’fbW^dT = 0. 

Clearly 

Hw) = fjMe^dx 

is an entire function and E(X„) = 0. Thus the study of closure amounts to the 
study of the zeros of certain entire functions. 1 

Theorems on closure lead at once to gap theorems. 2 For suppose a function 

1 This fact w r as first pointed out by SzAhz, Mathematischo Annalen, vol. 77 (1916), p. 482. 

2 This was first pointed out by Paley and Wiener, Fourier Transforms in the Complex 
Domain , American Mathematical Society Colloquium Publications, vol. 19, 1934, Theo¬ 
rem XXXVI. 
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2 ON THE CLOSURE OF fc*"*), I (I] 

f(x) which vanishes over (x — L, x), L > 0, is expanded into a Fourier series, 
that is, 

fix) ~ £ a„e"“. 

—«0 

A gap condition asserts that certain a n are zero; that is, a K = 0 for a sequence 
of integers |X n ). From the definition of a n this implies that 


Z r—L 

f(x)e~ 


Thus we are back to the question of closure. In this way every theorem on 
closure will have as a corollary a gap theorem which will assert that if certain a n 
in the Fourier series of f(x) are zero then f(x) cannot vanish over an interval 
of length L (where L depends on the sequence of integers for which a„ vanishes) 
unless f(x) vanishes identically. 

2. A closure theorem for \ n > 0. The sequence of functions {r‘"' r } is closed 
over ( — ir, x) but is not closed over an interval of length 2x + a where a > 0. 
For let 

( -1, ~(ir + Ja) < x < -(tt - $a), 

f(x) = < 0, -(x — £a) < x < (x - Jo), 

[ 1, (x — |o) < x < (x + £a). 

Then f(x) is not equivalent to zero. Let 


A simple calculation gives 


F(w) — - sin vw sin \aw. 
w 

Since sin xn = 0, it follows that F(n) = 0, (— » < n < oo). That is 


Z r+o/2 

f{x)e"*dx - 

t— a/2 


— oo < n < oo. 


Since fix) is not equivalent to j*to, it follows that [e tnx ] is not closed over an 
interval exceeding 2x in length. On the other hand if any term of {e tni j, 
(—oo <n< oo), is removed, the sequence ceases to be closed over the in¬ 
terval 2x. 

We see therefore that {c*"*},( — °o < n < «>), is closed over an interval of 
length 2x and no greater one and that it ceases to be closed over ( — x, x) if 
any term is removed. Suppose we now delete about one-half of the sequence 
{c tn *|, (— oo < nj< oo), by considering the terms with positive n only. Then 
it seems likely that this sequence is closed over half as large an interval as 
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when n takes both positive and negative values, that is, over an interval of 
length v, and not over a longer one. However this is not the case. Actually 
the sequence \e tnx \, in > 0), is closed over any interval of length less than 2r. 
This follows from the following results. 

Theorem I. Let A(u) be the number of X„ < u. Then the sequence {e lXwir }, 
(X n > 0) is closed over an interval of length L if 

(2.01) limjmp {/* A >> (‘ + i) du - g = -. 

A corollary of Theorem I is 

Theorem II. The sequence jc‘ XnT }, (X n > 0), is closed over an interval of 
length L if 


(2.02) lim inf ^ > L- 

n-oo X n 2x 

In case X„ = n, it follows at once from (2.02) that (c‘ n *}, {n > 0), is closed 
over any interval of length less than 2x. 

Theorem I is, in case lim {n —> ^), exists, the best test to make for the 

closure of a sequence with X„ > 0. For example, it follows easily from (2.01) 
that {e' Kx } with 

(2.03) X„ = n — n 1/2 , n > 1, 

is closed over the interval 2x. 

Theorem II* is much weaker than Theorem I. Later it will be replaced by 
far sharper results. We shall show that limit inferior in (2.02) can be replaced 
by limit superior (and even more) and the theorem remains true. 

Proof of Theorem I. Let us assume that Theorem I is not true. Then 
(2.01) is satisfied but {e tXna }, (X„ > 0), is not closed over {-\L, §L). Thus 
then* exists a function f(x ), not equivalent to zero, such that 

r Ll 2 

(2.04) / f{x)e' K ’dx = 0. 

J—L/2 

Let 

/ m 

f(x)e' wi *dx. 

L/2 

Since \e ivtnxlL ), (— «> < n < °c), is closed over ( — \L, JL), F(w) cannot 
vanish at all points w — 2icn/L, ( — *> < n < <»), for this would imply that 


8 In 1931 Polya set as a problem the proof of Theorem II with { lX i»*|, that is, with 
positive as well as negative X n . P61ya, Jahresbericht der Deutsehen Mathematiker- 
Vereinigung, vol. 40 (1931), Problem 108. Many solutions have been given. 
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/Or) is zero almost everywhere. Thus F(w) is an entire function not identically 
zero. By (2.04), F(X» 2 ) = 0 for all \ n of the sequence. 

If w « re 1 *, then 

or 

(2.05) 


/ i/3 

| f{x) I e*' 9m " m dx 

H 2 


Z L/2 

| f(z) I dx. 

i/2 

Let w n — r n e' 9n denote the zeros of F(w) in the right half-plane. Applying 
Oarleman’s theorem, Theorem B, 4 to F(w), we have, if w = u + iv, 

,£» Cl - fc) 008 '< hr j‘ (? ~ A) l0g 1 f(tV)F( “ it ' ) 1 * 

i r T,i 

+ 4 / log | ftCfte’*) [ cos 8 d6 + A 
irJtl J-t/2 

where, in the proof of this theorem, we shall use A to represent any constant 
that depends only on /Or). Using (2.05), we have 




1 r 

Tit L 


\Lli~ | sin 20 | cos 0 c/0 + A 


J U f' /2 

< y / sin 20 cos 0 dB + A 

7T Jo 


Since w = Xj, 2 are zeros of F(u>) in the right half-plane and therefore form a part 
of all the zeros, [r n c t#n J, it follows that 

V ( 1 _ x" 2 \ < 21 Ji 

\X'„' 2 ft 2 / 3r + • 


rjl/-’ . 


If we replace // by It~ in the above inequality, it becomes 

. 2 LR m 


(2.06) 


+ A. 


V ( 1 _ *» 2 \ < 2W 

Vx ‘„' 2 ft / 3 » 

If A(u) is the number of X., < m, then (2.06) inn lx- written us 
f* / 1 u ,,2 \ s „ , . 

J, W" ft ) dA(M) < 3 * + 


4 See Appendix. 
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Integrating by parts, we obtain 

f A 4>( 

• J 1 u 11 2 V* RJ 3r 

But this contradicts (2.01). Thus Theorem I is proved. 
Theorem II is a consequence of Theorem I. 

Proof of Theorem II. Since 

(2.02) lim inf n/\ n > L/2v f 

it follows that for large n and for some e > 0, 

<*+•)> 

or for large u, u > R 0 , 

A(w) > u ( 

Thus 

/ C + i)* * /.. (c + ■)*'"G + i)* 


X n < n 


‘(£ + *)■ 


Or 


€ > 0 . 


/.' A ,“ C + i)* - “ e " s (5 + ■) T - * *• - 


& ^ ft 1 ' 2 - lOLfli' 2 . 

o 


Thus as /f —> oc (2.01) is satisfied and therefore (2.02) implies (2.01). This 
completes the proof of Theorem II. 

3. A closure theorem for — qo < x„ < «. In this section 5 we shall investi¬ 
gate the closure of {e 1 ***}, (— x < X„ < »), that is, with X„ taking on negative 
as well as positive values. We shall insist that our closure theorems shall 
include the well known fact that |e 1wr }, ( — « < n < x), is closed over ( — ir, ir). 
Since {c*" T }, {n > 0), is not closed over ( — ir, ir), we shall get a two-sided theorem 
(X„ taking on negative as well as positive values) that is not true for positive 
values of X„ only. 

Certain refinements are necessary in the statement of the two-sided theorem 
which were not, necessary in Theorem 1. In part the reason for this is that the 
one-sided condition, (2.01), is not affected by the removal of any finite number 
of X n whereas in our simplest example of the two-sided cases, (e ,njr |, 

6 Of. Levinson, On the closure of Duke Mathematical Journal, vol. 2 (1936), p. 51. 
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(—« < n < oo) } deleting a single term affects the closure. One of the neces¬ 
sary refinements is that of closure L v . 

A set {c ,Xw *| is said to be closed L F ( — ir, ir) if, for any f(x) tL p ( — ir, ir), 

[j^xy^dx = o 

for all X„ implies that f{x) is zero almost everywhere. 

The basic and sharpest criterion is given by 

Theorem III. Let \{v) be the number of | X n | ^ u. If 

(3.01) f A(u) du > 2i> - p — log i >-C 

J\ u p 

for some constant C, then the set {e‘ Xn *(, (— » < n < °c ) f is closed L p ( — ir, v), 

p £ 1. 

A corollary of Theorem III is 
Theorem IV. If 

(3.02) |X»| £ \n\ + iN + - —oo < n < oo, 

2p 

the 6 set [e ,x "*), if it is not clos(d , beconus closed in adjoining to it at most any N 
terms e xanT , (1 5S n ^ N). In particular, then, a sufficient condition for closure 
Z/( —*■, tt), p ^ 1, is 

(3.03) |X.| S \n\+ p -\ -oo < n < ». 

ip 

It follows from (3.03) that the sequence {<*”*}, (— 00 < n < <*), i.s closed 
L( — ir, ir). [Condition (3.01) gives the even sharper result that {r’ XnI }, 
( — oc < n < oc), is closed L{ — 7 r, v) if | X„ | ^ | n | + (log | n |) 1 *, | n | -» oo, 
for some S > 0.] 

That Theorem IV is best possible follows from Theorem V. 

Theorem V. If (3.02) is replaced by 

(3.04) | X n | < | n | + \N -f- + 5, 

2 V 

where b > 0, there exist sets {e ,x "*J satisfying (3.04) which do not become closed 
when N terms arc adjoined to them. Thus the inequality (3.02) is a best possible 
result. 

In connection with these theorems the following result is of interest. It 
holds with no restrictions on the {X„}. 

• In the case of oftmiro in L*(—v, ir), Palcy and Wiener (loc. eit., chap. 6) proved that 
the set {1, e^ 4 ***} becomes closed on adjoining at most N terms if | X n — n | < \N + J. 
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Theorem VI. If the set { c* Xn * } is cfosed L p ( — t, *), p ^ 1, it remains closed 
if we replace any \ n by some other number. 

We shall now prove these theorems. 

Proof of Theorem III. Let us suppose the theorem is not true. Then there 
exists an f(x ) — i r, ir) and not equivalent to zero such that 

(3.05) H(w ) = £f(x)e im dx 

vanishes for w = X« , ( — » < n < »). Since f(x) is not equivalent to zero, 
H(w) is not identically zero. 

Denote by n(r) the number of zeros of H(w) not exceeding r in magnitude. 
Then by Jensen’s theorem, Theorem A, 

(3.06) f du § i- f log I Hire’ 1 ) \<l$ + A, 

Ji u In Jo 

where A will be used throughout the remainder of this section to represent, 
various constants depending only on f{x) and {X„j. By (3.05) 

H(re is ) = 0(e' r| *‘" "). 

Using this in (3.06), we have 

(3.07) f'^du£2r + A. 

J l u 


From this it follows, since n(u) is an increasing function of u, that 

n(r)r^ i r n - M duS r^ du< 4r + A. 

J r U J, U J\ U 

Thus n(r) < 4r/log 2 -f A. Since {X n l form part of the zeros of H(w), 
A(r) ^ n{r). Thus 


(3.08) 


AW < \^2 r + A ' 


Let us assume that no X„ is zero. (How to proceed if one of them is zero will 
be obvious.) Let 


(3.09) 




That F(w) exists follows from (3.08). Since H(w) vanishes at X„ , 
<t>(w) = H(w)/F(w) 


is an entire function. If ni{r ) is the number of zeros of not exceeding r 
in magnitude, then clearly 


n.(r) - n(r) - A(r). 
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Thus 

f ^ du = f n(u) du- f ^ du. 

Jl U Jl U u 

Using (3.01) and (3.07), it follows that 

f rn ^ ) duS p - 1 logr + A. 

Jl u p 

Since (p — l)/p < 1 it is clear that ni(r) — 0, or in other words that 4>(w) 
had no zeros. By the Hadamard factorization theorem, Theorem 1), it follows 
that H{w) = ae bu F(w) and, in particular, that 

(3.10) | H(iv) | = c' p | aF(iv) | 

where a, b, and c are constants. 

From (3 05), for any small e > 0, 

(3.11) | H(iv) | S + £ ' + /' J e ” \f(x) | dx. 


Using Holder’s inequality, if p > 1, 

r -*—« “|(H»/Pf r r-( "I i/p 

I Hiiv) | £ |^ +( dx J [| f(x) I" rf*J 

f r ~iH« "1<P d/p r r “11/ 

+[L '■"""‘H [/, 

+ 'VxJ |_j_i/wr'rfxj . 

Or 

i //(«>) i < <■'' • ,M M -1 * n "z\_£‘ i/w rrfxj ,, ' > 

+ «' w i*r to W ' 4 [(.C" + C.) lfM r*r 

For any 5 we can choose an € so that 

[(T+£>Hr~ 


|ff(w) | £ ^« ,r|w| 11; |* + 5) 


In case p = 1, (^42) follows directly from (3.11). Thus (3.12) holds for all 
p ^ 1. From (3.12) 
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log | H(iv) | ^ v | v | — log | v j + log (e“‘ M + 5) + A. 

Since 8 can be chosen arbitrarily small, it follows that 

lim (log \H(iv)\ — v | v | + ?— 1 log | v = — oo. 
|«|-*«o \ V / 

Using (3.10), this gives 

(3.13) lim flog | F(iv ) \ + cv - t\v \ + '** 1 log | v = — ». 

IV | “*80 \ p / 

On the other hand from the definition of F{w), (3.09), 

log | F(iv ) \ = \J 9 log (1 4- v*/u)dA(u). 
Integrating by parts twice gives 

(t^V u f T dy - 

Using (3.01), this becomes 

lo * 1 F(iv) 1 -1 J v +w ( 2u ~ P p 1 log “" A ) du - 

Setting u = | v | y gives 

log I FHv) I fe * 101 - P ~ 1 log l"l j[ (J+yiy 


dy - A 


fe r I v I - P - 


log | v ( - A. 


But this contradicts (3.13), and the theorem is proved. 

Proof of Theorem IV. We consider A(w) for u > N 4" 1. From (3.02), 


A(u) £ 1 + 2^ - \N - u>N + 1, 


whore [a-] denotes the largest integer not exceeding x. Thus 
/, 


, A(u) du g 

'jV+1 U J N+l 


f 1+2[u_- hN - ( Pj - l)/2p] du 

Jn+i u 

= 2 r 

j AT+l U 

_ 2 r u ~ i N “Jp - l)/ 2 p - [u - %N - (p - l)/2p] - h du 

Jn+I u 
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Since x — [t] — J is periodic and has average value zero over each period, an 
integration by parts will show that the second term on the right in the above 
inequality is bounded as v —» ». Thus 


(3.14) 


f *<•>*».f rnti.-i 

* 1 V -+1 U Jn+i U 

4J _ 1 

> 2v — N log v — -- log v — A. 

V 


Now let us add N terms e tanX , 1 ^ n Si N, to |e tXw *) and denote the new set 
by \e tllnX \. If fx(u) represents the number of | | ig u, then for large u, n{u) — 

A (u) 4- N. Thus by (3.14) 

f'M ), 

J J u 


du>2v 


^ ~ log v — A. 


V 


From Theorem III it follows that {c 1 ' 1 "*} is closed //(— t, it). This completes 
the proof. 

Before proving Theorem V we shall prove Theorem VI. 

Proof of Theorem VI. Let [<? ,Xn *} be closed and let the set consisting of 
ic ,XnI }, n t* 0, together with e tax , a X 0 , not be closed. Then there exists 
an f(x) eL p ( — Tc, t) not equivalent to zero such that 


j* f(x)e' K *dx = 0, to * 0, f }(x)e'" x dx = 0. 


Let us consider 


g(x) = fix) + t(Xo - o)e-~ [j(y)e'‘ u Jy. 

Clearly g{x) tL p ( — ic } 7r). Moreover, 

£ »(*)«*“ dx = [j(x)e u ’dx + *(Xo - a) £ e*‘“ “ )x dx[j(y)e'“dy, 
or, integrating by parts 

(3.15) f g( X y u ’dx = “ “ U [' f(x)e" dx. 

J—r U — a j-r 

It follow's at once from this, on setting u *= X„ , that for any n 
£ g(z)e' K *dz = 0. 

But 1 1 is closed — ir), and therefore g(x) is equivalent to zero. But 

by (3.15) this means that 
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If we set u *= 0, ±1, ±2, • •. , this implies that f(x) must also he equivalent to 
zero, contrary to our assumption. 

Proof of Theorem V. First lot us take' the case when N is odd. We take 
A„ = n + iN + 5 + (p - l)/2 p, n > 0, 

(3.16) A_n=~A n , n> 0, 

Ao = IN + 5 + (p - l)/2p. 

By Theorem VI it of course does not matter where we take X 0 (or any other 
finite number of X„). Let us sot \ -f 5 -f (p — 1)/2p = t. Then clearly 
cos 2t ~ e L p ( — tt, tt). Moreover, for n ^ 0, 

iy <n+,) ' COS 2 ' 2 hxdx = 2 2,+! £e“" H,I (l + e") 2 ' -2 dx 

= Um 2 '” m [’+ re' I ) u -*dx. 

r—* I—0 J-r 

Using the binomial theorem, we obtain 

f c' l " +,)r cos 21 ' 2 Jzd* = lim 2 21 f2 £) r‘(V) f e ,tnll,+ ' u dx 

r r— 1-0 *-0 -Lx 

= 0. 

A similar result holds with r ,r(ni, \ n ^ 0. Thus cos 2 ' 2 \x is orthogonal to 
r il * (M+<) , n ^ 0. But the set |±(« + <)}» ( n ^ 0), contains the set {X„} defined 
in (3.16) and N additional tc'rms. This proves Theorem V if N is odd. 

If N is even, we proceed similarly. Instead of using cos 2 ' 2 \x we use 
sin §x cos 1 1 \x, where / = 8 ■+■ (p — l)/2p. In this case jl, (n ;> ]), 

is orthogonal to sin cos 24 ' 1 £x. 



CHAPTER II 

ON THE CLOSURE OF {e tX "*}, II 

4. A closure theorem involving P61ya maximum density. Theorems I and IT 
give information on the closure of {e* x " z }, (X« > 0). In case 

(4.01) lim £ - D 

n-»oo An 

exists, Theorem I gives a sharp criterion. However if n/X„ does not approach 
a limit, this is no longer the case. From Theorems 1 and II it is clear that the 
denser the X n ’s, that is, the bigger D is, the longer the interval over which 
{} will be closed. 

Let us consider a sequence which does not have a density in the above sense. 
Let {/in} consist of all integers n > 0 such that 

10* <n ^ 10* + 10 * 1 , k'Z 1. 

Thus {/i n } consists of 11; 101, 102, • • ■ , 109, 110; 1001, • • • , 1100; and so on. 
Clearly the number of /*„ ^ 10* is 

1 + 10 + • • ■ + 10* 2 = (10* 1 - l)/9. 


Thus 


lim inf — ^ lim 


»-• Mr. 


9(10*) 


or 


lim inf — -i~. 

n—o Hn 90 

Thus on the basis of Theorem II we might suspect that {c TM "' r } is closed over 
an interval of length at most 2 tt/ 90. Actually it will turn out that this is not 
the case but that the set {/*„} is closed over any interval of length less than 2ir. 
That is, in some sense the effective density, so far as closure is concerned, of the 
set {/i„} is the same as that of all the positive integers, and is therefore one. 
Actually the sequence {/*„} does have a density one, in the intervals (100, 110); 
(1000, 1100); ; (10*, 10* -f 10* *); .... That it is the density in such 

subintervals that, determines closure properties is implied by the following 
theorem. 


12 
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N J 

Theorem VII. 1 Let {X„J, w > (), be an increasing positive sequence and let 
A (w) be the number of X„ < u. Let 2 

(4.02) lim sup lim sup — ^ = D. 

f—• 1—0 u-*ao U — 

Then {e‘ Xna } is closed over an interval of length L if 
(4.03) 2irD > L, 

for Lebesgue integrable functions. 

Theorem VII as a closure theorem is very easily derived from the following 
theorem on entire functions. 

Theorem VIII. 3 Let f(z) be an entire function such that 

(4.04) C~l l + f i )ldx< «» 

and 

(4.05) lim sup ^ — re ^ k. 

r—*oo r 

Let Hi (r) /># the number of z<rosoff(z) which tii in the sector (| z | < r, | am z | ^ %ir) 
and n 2 (r) tin number of ziros of f(z ) in the sector (| z \ < r, \r < am z < f 7 r). 
Then there exists a number B ^ K/tt such that 

(4.06) lim ,,,W = B, lim " 2(r) = K. 

r ,->,,0 r 

The proof of Theorem VIII will Ik* given in Chapter III as a corollary of a 
less restrictive theorem. Hero wo shall use Theorem VIII to give a proof of 
Theorem VII. 

Proof of Theorem VII. Suppose that a set {c ,x ' ,x ) is not closed. Then there 
exists a function g{x), not equivalent to zero, such that 

/ Lft 

g(x)e xXnT dx = 0, n > 0. 

L/2 ' 

1 Lcxinson, On the closurt oj |c ,x n a '} tint! integral J unctions, Pioceedings of the Cambridge 
Philosophical Society, vol. 31 (1935), p 335 

8 D is the lY)lya maximum density of the sequence. Polya shows that there exists a 
sequence |r„) of ordinary density [(4 01)1 T) which contains |X„) as a subsequence but that 
there is no sequence having an ordinary density less than D which contains |X n }. 

Pdlya also shows that in (4 02) the use of lim sup as fc ‘1—0 is unnecessary since as 
£ -» 1 — 0 the limit itself exists Pdlja, Cntasuchungt nutur Luckvn und Singulars tdlen 
von Potmzteihrn, Mathemntisehe Zeilselnift, vol 28 (1929). 

3 Levinson, loc eit , Theorem III. For even t(z) this thcoiem was piovcul by Wiener 
and Palev, (hi (nine funeltowt, Transactions <>l tin* \nieriean Mathematical Society, vol. 
35 (1933), Theorem 1, p. 709. Miss (’artw right proved this theorem under a more restrictive 
hypothesis which she later showed was implied by the hypothesis given here. M. L. 
Cartwright, Proceedings of the London Mathematical Society, (2), vol. 38 (1935), p. 179; 
and Proceedings of the Cambridge Philosophical Society, vol. 34 (1935), pp. 347-350. 
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Let 

/ L/2 

g(x)e' w 'dx. 

L/2 

Then G(w) vanishes at w = X„ , (n > 0), but is not identically zero. By (4.07) 

r L/2 

(4.08) | GW*) I ^ e im)LrUine{ / | g(x) | dx. 

J-L/2 

From this it is clear that log^ | G(u) | is bounded. Thus G{w) satisfies the 
requirements of Theorem VIII. If m(r) is the number of zeros of G{w) in 
(| w | < r, | am w | ^ jr), then 

lim niW = B. 

r—»oo T 


Therefore for any 0 < { < 1, 
(4.09) 


lim n,(r) " nM) = B. 


r - rt 

But {X„j are among the zeros of G(w) in the right half-plane. Therefore 

wi(r) - tii(rQ ^ A(r) - A(r$), 0 < £ < 1. 

Thus by (4.09) 

A{r) - A(r£) . „ 

bin sup t ^ B. 

r—*oo r — r% 

And therefore the Polya maximum density, I), of the sel IX,,} satisfies 
(4.10) D ^ B. 

It follows from (4.08) that k ^ \L. Since B ^ /c/ir, 

L 


B ^ 


2tt 


In (4.10) this gives 


2 t vD ^ L. 


This is contrary to the hypothesis of Theorem VII. Thus Theorem VII is 
proved. 

6. A related gap theorem. Let f{x) e L( — it, tt). Suppose that the Fourier 
series of f(x) is such that certain terms vanish. For example, let 


/(*) ~ £ aa u e'‘’“. 


Then f(x) has period fir, and therefore if f(x) vanishes over an interval of length 
Sir it is identically zero. That is, if only every third term differs from zero in 
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the Fourier expansion for f(x), then f(x) cannot vanish over an interval of 
length without vanishing identically. 

This suggests the following gap relation. Let 

/(*)-Oo + E (a.,*"— + o_.„ e —^), 

l 

where {m n } is an increasing sequence of positive integers such that 


lim — * D. 

n-*oc m n 

Then, if f(x) vanishes over an interval exceeding 2ir D in length, it vanishes 
identically. 

Actually it will turn out that there is nothing to be gained by having gaps 
throughout the whole series. It suffices to have gaps only in one half of the 
series, either for n > 0 or for n < 0. Moreover n/m n need not approach a 
limit. The gap theorem we shall prove here is 

Theorem IX. 4 Let f(x ) eL( — i r, ir) and have the Fourier series 


(5.01) 


fix) ~ t o„e"“ + t, 

0 i 


where jwi B J is an increasing seqnenct of 'positive integers. Let M{u) he the number 
of m n < u, and let 


(5.02) 


d = 


lim inf lim inf 

{-*1—0 u —*oo 


M(u) - M(v& 
u — u£ 


If f(x) vanishes almost everywhere over an interval exceeding 2 ird m length, it 
vanishes almost everywhere over ( — ir, ir). 


As an example, let us define {w„J as made up of those integers n which arc 
such that 

(5.03) 10* + 10* -1 ^ n g 10* fl , k £ 1. 

That is, {win! contains all integers between 11 and 100, between 110 and 1000, 
and so on. Clearly 

,. . - n 8 

lim inf - = _. 

n-oc m n 9 


Thus it should seem that f{x) would have to vanish over an interval at least 
f(2ir) in length in order that f{x) be forced to vanish over the whole interval 


* Levinson, loc. cit., Theorem II Here the theorem was stated only for d * 0. 

6 d is the P61ya minimum density. As was the ease with Pdlya maximum density, 
Pdlya shows that lim inf as £ —* 1 — 0 can be replaced by lim 
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( — ir, ir). Actually, in applying; Theorem IX, since there are no m„ in the 
intervals (10*, 10* + lO*^ 1 ) it follows that 

M{u) - M{u£) = 0 

for v = 10* + 10* 1 and 1 > £ > if Thus 


Therefore 


«-« u — u$i 


d = 0. 


r; <s < i. 


Thus with {w„} defined as in (5.03), f(x) cannot vanish over any interval no 
matter how small without vanishing almost everywhere over ( — n, n). That 
is, instead of f it turns out that any quantity greater than zero will do. 

Proof of Theorem IX. Suppose t hat the hypothesis of Theorem IX is satisfied 
and that f(x) vanishes almost everywhere over an interval 2nd -f 5, § > 0, in 
length. Since /( x) is periodic of period 2 n and can bo translated without 
changing the modulus of the Fourier coefficients, wo can assume that f(x) 
vanishes over the interval (x — 2nd — 8, n). Let |X„} be the set of positive 
integers complementary to {w„}. That is, {X„j + |r/?„} = {«),/<>(). Thus 


u — + 2 > A(f/) — A(w£) + M(u) — M(u£) > u — — 2, 

and therefore 

Iim sup A(u) - A( " {) + lim inf M(v) ~ M{,,i) = i. 

u-oo U — U% u-*x> a — u£ 

From this it follows at once that the maximum density of {X,,} is 

D — \ — d. 


Since the terms c ,x " 3 do not appear in the Fourier series of f{x), it follows that 
£ f(r)e a "*dx = 0, n > 0. 


But f(x) vanishes almost everywhere over (n — 2nd — 8, n). Thus 

/» T- 2nd 6 


(5,04) 


c 


f(x)e' Xn *dx = 0, 


n > 0. 


But v — 2nd — 8 — ( — n) = 2?r(l — d) — 8 — 2nD — 5. By Theorem VII, 
{e**"*} is closed over any interval of length less than 2nD. Thus (5.04) implies 
that f(x) is equivalent to zero over ( — n, n — 2nd — 8). This completes tin; 
proof of Theorem IX. 

6. An extension of the closure theorem. Theorem VI1 states that if {X,,} is a 
positive increasing sequence with Polya maximum density D and if L < 2nD, 
then 



[01 


AN EXTENSION OF THE CLOSURE THEOREM 


17 


£ U 2 

f(x)e tXnX dx = 0, 0 < n < oo, 

L/2 

implies that f(x) is zero almost everywhere in (— %L, \L). 

This result remains valid if instead of requiring that the integral in (6.01) 
be zero, we merely require that it be small. This is stated in precise terms in 
the following theorem. 

Theorem X. 6 If |X„J is an increasing 'positive sequence with Polya maximum 
density D, if, for some c > 0, X n4 i — X„ ^ c, ami if 

(6.02) 2t tD > L, 

then 

Z LI2 

f(x)e tKx dx - 0(e~ lK ), 0 < n < oo, 

172 

for some 8 > 0 implies that f(x) is zero almost everywhere. 

Theorem X is an immediate consequence' of the following theorem on entire 
functions. 

Theorem XI. 7 Let f(s) be an entire function satisfying (4.04) and (4.05). 
Let |X„} be an increasing positive sequt nee such that for some c > 0, X, H i — X„ ^ c, 
and let th Potya maximum density of (X„} be D. If 

(6.04) t tD > k, 

and if, for some 8 > 0, 

(C.05) /(X„) = 0(e~ ,k "), n > 0, 

thenf(z ) as 0. 

r Phe proof of Theorem XI will depend on Theorem VIII and will be given 
after the proof of Theorem VIII. We shall make use of Theorem XI at once 
to prove Theorem X. 

Proof of Theorem X. Let us assume that Theorem X is not true. Then 
there exists a sequence {X„} and a function f{x) not equivalent to zero and 
satisfying the requirements of Theorem X. That is, 

f(x)e K *dx = 0(e _Jk “). 

L/2 

Let 

6 Cf. Levinson, On the non-vanishing of certain functions, Proceedings of the National 
Academy of Sciences, vol. 22 (1936), p. 228, Theorem III. 

7 This theorem is referred to on page 229, Levinson, loc cit. At about the same time 
an even more general lcsult was given Miss M L. ('ni twi lght, Proceedings of the London 
Mathematical Society, vol. 41 (1936), p. 33. 
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. f &/2 

( 6 . 07 ) F(w) = I Me'^dx. 

Then if w — u + iv, 

, p L/2 

(6.08) |r«|S •**“*/ \f(x)\dx. 

J-Lft 

Thus F(w) satisfies the hypothesis of Theorem VIII and therefore part of the 
hypothesis of Theorem XI. From (6.00), 

< 6 - 09 ) F(\ n ) = 0(e~‘ K ), 

Also from (6.08) 

lim sup -? J 7 ' ^ g \L = k. 

i*i— |w| 

By (6.02), 2 L < tD. Thus 

( 0 - 10 ) k < rl). 

But (6.09) and (6.10), used in Theorem XI, shows that the entire function l\w) 
is zero. By (6.07) this means that/(a-) is equivalent to zero contrary to hypothe¬ 
sis. This completes the proof of Theorem X. 

As a theorem on closure, Theorem X can he used to deduce a gap theorem 
which is really a generalization of Theorem IX. 

Theorem Xll. Id 

/to - t ane tnx . 

Let {A n } be an increasing sequence of positive integers of Polya maximum density 2> 

(6-H) = 0(e-“"'), » > o, 

and if f(x) vanishes almost everywhere over an interval exceeding 2t(1 - D) in 
length, then f(x) vanishes almost everywhere. 

Theorem IX is the special case of Theorem XII where (6.11) is replaced by 
0-x n = 0. 

Proof of Theorem XII. Since f(x) is periodic, we can assume it vanishes 
almost everywhere over the interval (* - 2r(l - D) - c , v ) for some e > 0. 
Clearly then 

J />* 2»(1 -Z»-« 

a -K — 2 “ J_" f(x)e' K * dx. 

But a. K «= 0(e _,x "). Thus 

j.»—2w(l—X»—< 

(6-12) f(x)e K ‘dx = 0(e -,x "). 
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The length of the interval of integration in (6.12) is L = 2irD - t. That is, 

L < 2 rD. 

Applying Theorem X, it follows that f(x) must vanish almost everywhere. 

7. Another type of theorem. Then* is another closure condition which, in 
the sense that it deals with an ordinary density (not a P61ya maximum or 
minimum density), is a generalization of a result of Chapter 1. Actually, how¬ 
ever, the proof of the theorem places it here. 

Theorem XIII. 8 Let (X n |, (n > 0), be an increasing 'positive sequence such 
that 

(7.01) lim £ = D, 

n-*oo A n 

’ and such that for some c > 0, X„ + i — X u ^ c. Let 
(7.02) L < 2t rD, 

and 0(u) be a monotone increasing function of u such that 

(7.03) f —^ du = ». 

J 1 u 2 

If 

/ m 

f(x)e K *dx = 0(<r #<x “ > ), n > 0, 

Lll 

then f(x) is zero almost everywhere, 

If the integral in (7.04) vanished instead of being small, then Theorem XIII 
would be a corollary of Theorem TI. However, actually, this theorem is very 
different from Theorem JJ. Theorem XIII is a consequence of the following 
theorem on entire functions. 

Theorem XIV. 9 Let f(z) be an entire function satisfying the requirements of 
Theorem VIII, (4.04) and (4.05). Let {X„} be an increasing positive sequence 
such that for some c > 0, X„ + i — X„ ^ c, and 

(7.05) lim 2- = D. 

n-»» X n 

Let 

(7.0G) t rD > k. 

If 


8 Cf. Levinson, loe. oit., Theorem II. 

• This theorem is referred to on page 229, Levinson, loe. eit., and is a little less restrie- 
tive than a eorresponding result of Miss Cartwright, loc. cit. 
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(7.07) /( K) = 0(e '“*’) 

where 0(u) is a monotone increasing function of u such that 

’ 0(u) 


(7.08) 


f 


</m ~ 00, 


then f(z) is zero. 

Tht* proof of Theorem XIII follows from Theorem XIV in the same way as 
other theorems on closure in this chapter have followed from theorems on 
entire functions. 

From Theorem XIII there follows the next gap theorem: 


Theorem XV. Lvl 


fix) ~ X a n e 


fjct {X„} he mi increasing stqmnce of positnx inteqi rs such that 

lim = D. 

n—*oo A n 

Let 

(7.09) «-*. = 0( r " x “’) 1 

where 9{u) is monotone increasing and 

f du = oo. 

If f{x) vanishes almost everywhere over an interval exceeding 2ir(l — 1)) in length , 
then f{x) is equivalent to zero. 

This theorem follows from Theorem XIII in the way that Theorem XII 
follows from Theorem X. 

8. A theorem of Miss Cartwright. The gap theorems given above can be 
put into more general form. 10 
If we let 

00 

hi(z) = 21 a n z n , \z \ < 1 , 

o 

*.« = i*i >i, 

where (7.09) is satisfied, then heuristically, at least, 

fix) — lim {hire'*) — hire'*)] 


10 Cf. Miss Cartwright, loc. cit. 
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is the f(x) of Theorem XV. For f(x) to vanish over an interval of length ex¬ 
ceeding 2ir(J — D) in length amounts to hi(z) — h 2 (z) over an arc of the unit 
circle exceeding 2ir(l — D) in length. But under veiy general conditions, for 
hi(z) to be equal to h 2 (z) over the arc on the unit circle means that there exists 
a function H(z) such that H(z ) is analytic for | z | < 1 and \ z\ > 1 ; 

II (z) = *,(«), |*| < 1, H(z) = *,(*), | * | > 1; 

and H(z) is analytic on the arc of the unit circle exceeding 2ir(l — D) in length. 

The conclusion of Theorem XV that f(x) vanishes entirely means here that 
H(z) is analytic on the whole circumference of the unit circle. Combining this 
with the* previous information on II(z) gives the result that H(z) is analytic on 
the whole plane including oc. Thus //( 2 ) is a constant. If account is taken 
of the series representation of h 2 (z) } it follows that this constant must be zero. 
Thus H(z) is zero. 

This result is now given in precise terms. 

Theorem XVI. Let 

H(z) = Z a.**, 1*1 <1, 

0 

HW = E I*| >1. 

1 

Also let II(z) be analytic for (| z | = 1, | am z | ^ 0). Let (\ n ) be a sequence of 
integers such that 

lim ~ = 1). 

n—*00 An 

Let 

(8.01) o-k = 0( e “* (X " ) ) 

where 0(v) is monotone increasing ami 

r*?du- oc. 

JI V 2 

Let 

(8.02) I H(re") | S M(r - 1), i < r < 

where M(u) is a 'positive even function, decreasing for u > 0, and 
* 1/2 

(8.03) J log log M(u) du < oo. 

Then if 
(8.04) 

H(z) is zero. 


0 > tt(1 — D), 
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Proof of Theorem XVI. Lei 

<“> **-Zl 

where C is the path shown in Fig. 1. We can deform C into Ci . The two parts of 
Ci , consisting of circular arcs with 0 as center, have radii n and r 9 , with n 




the larger radius and n — 1 = 1 — r 2 . Then clearly by (S.02), for w > 0, 
(8.05) with Ci in place of C gives 

log* I F(u) I ^ log 4irM(r i - 1) 4* u log l/r 2 + log 4 ^2 J ^ 

Since 11 (z) is analytic along the real axis, there exists a constant A such that. 

log* | F(u) | ^ log M(ri — 1) + 2u log * + A. 

n 

Let n — 1 = t. Then 

(8.06) log + | F(u) | ^ log M(t) + 2 u log ^ ] _ t -f- A. 


We shall find it advantageous to take Ci narrower, that is, t smaller, as u gets 
larger. Since M{t) is decreasing for t > 0, 


log M{t) 
log i/(i - ty 


0 < t < i, 


is a decreasing function of / and is infinite when / is zero; it follows that there 
exists a wo > 0 such that 


(8.07) 


log M(t) 
log 1/(1 - t) 


is uniquely solvable for l for u > w 0 . This implies that, for small values of t, 
i is a function of u. 

By (8.06) 
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** i :.^'* * /:«<»+» * r + i 

There is no loss in generality in assuming that M{t) is differentiable. Using 
(8.07) to replace u by t on the right side of (8.08) gives, if to corresponds to Uo , 


’log + |F(w)| 


Slog M(t) 


, / 1 1 . 

° g (l - t) M(t) 1 - t ° g ' 


log 2 M(t) 


dt+~, 

Uo 


Ju 0 u % Jo M(t) log M(t) 


r dt + 4 

Jo 1 — t Uo 


M f (t) log 1/(1 -0 A 
Jo M(0 log M(0 wo 


Integrating by parts gives 

log_l/(l -0 

(81Q) J ilf(0 log Af(0 

= -log 1 t log log M(t) + J - g - < 


But as £ —* -f 0, 


log i _ log log M(t) < 21 log log M(t). 


Since log log M{t) is integrable, there must be a sequence of values of t —» 0 
such that for these values t log log M{t) —> 0. Thus (8.10) becomes 


f m M'(t) log 1/(1 - 0 
Jo M{t) log M(t) 


= -log 2 log log M{\ /2) + jf W * - g [° g - 

r ll2 

<2 I log log M(t) dt < oo, 


and (8.09) becomes 


io g + in«)i 


f log T U 

Jl Ti‘ 


This result holds in the same way for u < 0. Thus 

riog + in«)i du< ^ 


f log T I F(u 

JL* 1 + u 2 
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From (8.05), since C can bo chosen so that, on C, | am z | > 0 — e for any 
e > 0, it follows that 


|f’(u + «’)l £ e l " l< ' _e+ *> 




And C can bo chosen so that | z | is close enough to 1 in value along C that 


|/'’(u +tw)| § f 

Jr 


From this it follows that for some A 


log | F(w) | ^ (ir - 0 + 2e) | W | + A . 


Since e is arbitrary, 


limsup l0g f^ )l gx-e + 2 < . 

I tu 1 — 00 I to I 


lim sup ^° g -| * ,^ t — 0 = k. 

M— |w| 


If w is a negative integer, the path of integration in (8.05) can be deformed 
into a circle of radius greater than one. Then from the formula for the Laurent 
coefficients of H(z) it follows that 

| a_ n | = | F{-n) |, n > 0. 


Thus by (8.01) 

(8.13) F(-\ n ) = 0(e~ HK) ). 

Since ir(l — D) < 0 it follows that 

k — 7T — 6 < tcD. 

This last result together with (8.11), (8.12), and (8.13) used in Theorem XIV 
gives F(w) SB 0. Thus a-„ = 0, (n > 0), and therefore H(z) = 0. 



CHAPTER III 

ZEROS OF ENTIRE FUNCTIONS OF EXPONENTIAL TYPE 


9. The basic theorem. In this chapter we shall prove the theorems on entire 
functions used in obtaining the gap and closure theorems in the preceding 
chapter. These theorems on entire functions are of considerable interest in 
themselves. Roughly stated these theorems assert that if an entire function 
f{z) satisfies 

lim sup — = k, 0 < fc < oo, 

1 * 1-* 00 I 2 ! 

and if f(x) is of less than exponential growth along the real axis, then f(z) is 
similar to sin kz in many respects. Here we are especially interested in the 
fact that the zeros of f(z) have much in common with the zeros of sin kz. Thus 
most of the zeros of f(z) stay close to the real axis. The zeros in each half-plane, 
x > 0 and x < 0, have density k/ ir which is, of course, the case with sin kz. 
That the zeros of f(z) must cluster about the real axis will always be a simple 
consequence of Carleman’s theorem, Theorem B. 

Our technique in proving these theorems will be to show that the theorems 
are true if they hold for functions/(z) having only real zeros. It is possible to 
give a real-variable proof for the case v\here/(z) has real zeros. However here 
a mixture of real and complex variable methods will be used. 

In view of the importance of these theorems in themselves, we shall prove 
our basic theorem under a more general hypothesis than that given in the last 
chapter. 

Theorem XVII. Let f(z) be an entire function such that 
(9.01) lim f \og\f(x)f(-x)\- X 

tt—oc J 1 £ 

exists and is finite. Let 

(9.02) lira sup * S 0 

z-»oo X 

and 

(9.03) lim sup !° 8 ffi) ^ g k. 

i«i-» l z l 

Let the function nfr) be the number of zeros of f(z) less than r in modulus which lie 
in the right half-plane and nz{r) the number of zeros in the left half-plane. Then 
there exists 
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(9.04) lim ”‘ (r) = B, lim = B, 

r—*60 r r-*«o T 

and 


B ^ k/ic. 

First we shall use I his theorem to prove Theorem VIII. Theorem VIII 
differs from Theorem XVII in that (9.01) and (9.02) are replaced in Theorem 
VIII by 

(9.05) r 1 dx < ». 

jLao 1 + X 2 

Proof of Theorem VIIT. We shall show that (9.05) and (9.03) imply (9.01) 
and (9.02). Thus Theorem VIII will be made a corollary of Theorem XVII. 

First we shall prove that (9.03) and (9.05) imply (9.01). Applying Carle- 
man’s theorem, Theorem B, to f(z) in the upper half-plane, and replacing the 
left side of (41.03) which is always positive by zero, it follows that 

0 £ i(l + O(i"i) log|/W|rfj: 

+ ~ jf log I f{Re B ) I sin Odd + A, 

where A will be used to represent various constants depending only on f(z). 
Clearly 

+ C) lo *~ h) dx 

s t (l:+ o i °* + iw i %+a i iog+ 

ITsing (9.03) and (9.05) on the right, it follows that 

~L (L + /,) iog lfM l 0‘~i) dxsA - 

From this 

(l + r ) iog ‘ {f(x) 1 c ~w) dxs a - 

But for | a? | ^ %R, 

i_i>i 

i s fl 8 2i 8 


Thus 



THE BASIC THEOREM 


27 


-uc + r) ht ' m, i iA - 

Since R can be taken arbitrarily large, it followb that 

-(/. + /,) log_ lfM 1 f < *• 

Combining this result with (9.05) gives 

(9.06) f" dx< «, 

JLoo 1 


which obviously implies (9.01). 

Next wc shall show that (9.03) and (9.05) imply (9 02) Increasing the right 
side of (41.08) in Theorem H, it follows that 


log i/t»*)i s i r iog + m i_ dx 

r sin 0 r JL* x 2 — 2 rx cos 8 r 2 



R 2 l]og |/(x)] I . 
R 4 — 2 rxR 2 cos 8 *f r 2 x 2 


+ 


— f l()g + |/(Be’*) | 

IT Jo 


sin ^(ft 2 — r 2 ) 


| R2 e 2x + — 2r/2 cos 8 e 1 * + r 2 


fr* d*- 


Or, letting R —» «, 

log l/(™“) I < 1 f log + l/W | & 

r sin 0 7r JLco x 2 — 2rx cos 0 4- r 2 

1 f R 

(9.07) + limsup ^ R2 |log | f(x) 11 dx 


+ lim sup [ log 4 | f(Re*) | sin 

r -*oo irn Jo 

But since l/R 2 < 2/(1 -f x 2 ) tor | x | < R, R > 1, 

lim sup *- [ | log | f(x) 11 dx < lim sup f 2 ^ ^ dx < *> 

by (9.06). By (9.03), 

lim sup ~ [ log 4 !/(/&’*) | sin <M<£ ^ 2k. 
h-**> ttK Jo 


Thus (9.07) becomes 

(9.08) b*Wp\ 


1 r 1 

IT X 2 — 


log + I /(*) I 

2rx cos 8 + r 2 


dx + 4. 


But 



dx 
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r iobN/wi , [''’‘ log 1 ]/(*_) i,, i ['"* wi/«i _ dx 

J, ? - 2rx (ok 9 + / X < j, (r- i)- + In U - rc ok 9) s + r'W0 

, /■“ log 1 1/tol 

Jtrn {x — r) 4 

W'^PJ 

J8r/2 ^ 

t 


dx 


< 4 


“lo K N/WI (yj+ .4 r S l08 + J/Wl rfl . 

1 Jr/2 3r 


For any fixed 0, (0 < 0 < ir), it follows 1/hat 




I/Ml 


dx. 


A similar result holds for (— <*, —1). Thus (9.08) becomes 

r log | f(re'*) | , 

limsup — , - A -r- = 

r-*oo r sm 6 


for any fixed 6, (0 < d < ir). But this holds in the same way for 0 > 6 > — it. 
Therefore for any 6 > 0, f{z)e *’ is bounded along the two radii 0 = ± e for 
a sufficiently small value of t. By Theorem C of Phragm&i-bindelof this im¬ 
plies that f{z)e a * is bounded in the v hole sector | 0 | ^ e. Thus 


lim sup !2LlMI S s. 

j-*or X 


Since 5 can be taken arbitrarily small, (9.02) holds for positive x. In precisely 
the same way it holds for negative x. 

This completes the proof that Theorem VIII is a corollary of Theorem XVII. 
In proving Theorem XVII the following lemma is required. As above we 
shall continue to use A to represent various constants depending on f{z). 

Lemma 9.1. Lei the zeros of f(z ) he z n = r n e ttn . Then 

Z |Sin<M < =0. 


Proof of Lemma 9.1. Applying Carleman’s theorem, Theorem B, to f(z) in 
the upper and lower half-planes and adding the result, we have 


^ | sin fl n 1 
»•»<* r„ 


G■ w) ,og 1 fm ~ r)Ux 



log + |/(ife ,, )||sin«|d# + A. 
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Using (9.03) it follows that 


22 |sm 
r*<K r, 


Kl (i- i) log i mu-*)\ dx + A. 


Using (9.01) this becomes 


T (\ - r l\ < _ 1 f", 

rTZx r. V w) = rW -./, log 


IfMf(-Jr) \dx -f- A. 


But integrating by parts wo have 


■jp l log I/(*)/(-*) | dx = f" log | /(*)/(-*) | 

~ & I” £ lo *\fW(-V) if- 


By (9.01) 


j i log !/(?/)/(—J/) | ^ 

is bounded. Therefore the integration by parts al>ove gives 

b>g |/(y)/(~*)|dj! £ A + ^ jf 2xdy<.4. 


Thus (9.09) becomes 


But this implies 


T IsjnM A _ r^\ 

>„<« r n V 1 W 


Z 1 m1 (1 - i) < A. 

r n <R/2 r n 

Since R can be taken arbitrarily large above, it follows that 

< 00 . 

1 Tn 

10. A related function with real zeros. By the Hadamard factorization 
theorem, Theorem D, 


f(z) = hz*c“ II (l - l) e*"\ 


(/learly if Theorem XVII is proved for f(z)/bz m it is also true for/(s). Thus 
we assume in the rest of this chapter that 
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IIII] 


TFsing the notation z n = r„r' K , an auxiliary function F(z) having only real 
zeros ih now introduced: 

(10.02) F(z) = II (l - 2 

We now prove a series of lemmas about F(z). 

Lemma 10.1. If 

r log | F(±iy) | , 

lun sup 6 1 — = h, 

y-*ee tj 

then 

(10.03) lim sup l0g ' F(re ' >) I S k,\ ain 01 

r—oo T 

and 

h ^ k 

where k is (U fined in (9.03). 

Proof of Lemma JO 1. Since 

I rr cos 0„ | < | xe~ x6n 

1 Tn I = I r n 1 * 

it follows that 

i m i s i m i. 

Thus by (9.02) 

(10.04) lim sup lng ^ F I S 0. 

x~*oo X 

By (9.02) and (9.03) and by Theorem C f of Phragm6n-Lindelof 

(10.05) lim sup ) I ^ fc| sin ^ |. 

r-*oc r 

Tf n(r) is the number of zeros of/(z) less than / in modulus, it follows from 
Jensen’s theorem, Theorem A, and (10.05) that 

(10.06) lim sup 1 f n ^ dr ^ - [ k\ sin 6 | d6 = 2 -. 

From the definition of F(z), 

log I Hiy) I S Z log [(i + y ' 9 ”)J' 2 

5 t i log (l + = \ jf log (l + P)dn(n). 
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Integrating the right side by parts twice, we obtain 


Letting u = v | y | this becomes 


(10.07) I s f 1 r M dr . 

|y| *4 (1 + v 2 ) 2 »| 2 /1 •'o r 

Letting | y | —♦ » and using (10.06) it follows that 

(10.08) hi = lim sup -° S ^ I ^ — f - <fo = fc. 

v-oo y r Jo (1 + v 2 ) 2 


That is, A)i ^ A:. 

From (10.02) for largo | z |, 


log | f’W I S | «|r + z |log(l + r| C0se " 1 ) + r| C0S -M + 10 z ^ ®* 

r«<2r ( \ V n ) r n ) r n £ 2r r» 

- i°i r+ 1 { iog ( i + 0 + i Mu) + 10 L r u* Mu) - 


Integrating by parts 


log | F(z) | ^ a| r | + w(2r) + f ( \ + ^ dw 

Jo \w ~r r u/ u 


+20 r r -r M <i, 

Jlr U* U 


n(u) = »(t*) p dr ^ 2 _1_ f 2u n(r) rfr 

w u log 2 J u r " log 2 2u Jo r 

From (10.06) it follows that for large w, 

« 

7l(u) ^ 4fc 
a log 2 ’ 

Thus there exists an A such that for large | z | (10.09) gives 
(10.10) log | F(z ) | ^ .lr log r. 

Using (10.04), (10.08), and (10.10), and Theorem C' of Phragmfri-Lindelof 
gives 


limsup i°£lW')l SJfc> | 


This completes the proof of the lemma. 
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Lemma 10.2. There exists a constant C suck that 


lim [ log | F{x)F(-x) | ^ - C. 

K-*oo JO X 


Proof of Lemma 10.2. According to the hypothesis of Theorem XVII there 


By (10.01) and (10.02) 


lim / log |/(r)/(—a:) | 

R-»oo ‘'l X 


/(f) j = V lo „ DlT » 
F(x) I i *r„ — a; cos 0„ 


/ log |/(*)/(-it) I ^ = [ log ! F(x)F(-x) I' 
Jq X'* Jo 


+ /S£u °*j, r: 

J-* ^ i lr„ — 


r; - 2xr w cos 0„ + 


iiiid the pi oof of the lemma hinges on the existence of 


fjEiogj^ 

> J— n x i 1 r. — 


J-k *r 2 i 1 r\ — 2 xr n cos 0„ + ar cos 0 n 

But since each term in the sum above is positive, the limit as It —> ac will cer¬ 
tainly exist if 


-?/> C.-W 


- 2r n z cos 0 W + x \dx 


x cos 0„ + * cos 


Replace x by r n y/ | cos 6 n j, unless d n = £ir, in which ease the integral of the 
logarithmic term can be computed directly and is obviously less than 10/r* . 
Thus using ./' and to signify the omission of 0„ = Jir, wo have 

j’ _ yy I cos 0 n | f ”, /l - 2 y c os 0 n / \ cos 0 n | + y 2 / cos 2 0„\ r/y 
i R \ 1 — 2 y cos 0 n J\ cos 0 n | -f y l ) ?/ 2 


^ ( COS On [ 


jL log (* 


J - 2 y cos On/ 1 COS 0 n | + i 


J'* fiog(i + 

i r n J-o o \ 


(i - IvDv / 
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1"1 !;•) ? s 2 r "*«+« * 

+ 2 f log (1 + 9 tan 2 d n )~. 

J 3/2 y 2 

Setting y | tan 6 n \ — x in the first integral on the right of the above inequality, 
and (y — 1) = x | tan 6 n | in the second integral on the right gives 

L 1ok (‘ + 5- 1 ^) f s 21 tan fl ” 1 L ,og (l+4 * 2) S 

+ 81 tan d n | ^ log ^1 + dx 

+ 2 log (1 + 9 tan 2 0 n ) 

^ 200 | tan*. | + 2 log (1+9 tan 2 0 n ). 

But, for u > 0, log (1 + u 2 ) < u, as can be verified by differentiating u — log 
(1 + u 2 ). Thus log (1+9 tan 2 B n ) ^ 3 | tan 9„ | and therefore 


Z. log ( l 


y tan d n 

a-\y\)\ 


^ 210 I tan *.|. 


Using this in (10.12) and recalling that the terms with 0„ = have been dis¬ 
cussed, it follows that 

JS210E |8in8 ” 1 . 

1 Tn 

By liemma 9.1 it follows that J < », and this completes the proof of this lemma. 

11. Lemmas on the related function. We have* shown that b\z) satisfies the 
requirements of Theorem XVII. Now we shall prove Theorem XVII for F(z). 

Lkmma ll.l. 1 If k\ is defined as in Lemma 10.1, then 

(11.01) lim I = h . 

v-« y 

Proof of Lemma 11.1. By Lemma 10.2, 


lim f" log | F(x)F(—x) | = C. 

R-*oo J 0 X* 


Let the zeros of F(z ) be denoted by {.r n }, instead of by r n /cos 6 n , where | x n | 
are increasing in magnitude. Then by (10.02) 

1 The results of this and the next lemma are due to Paley and Wiener, loc. cit., chap. 5. 
They use Wiener's general Tauberian theorem in their proof. 
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Thus (11.02) becomes 


DS- c ' 


oo r K 2 

lim £ f log I 1 ~ j - 
h—oc l Jo 1 x n 


Replacing x by | x n \ v , 


li mt.' f 

W—oo 1 J„ | JQ 


K/I*»l o , fh) 

log | 1 - V \ - = C. 


Lei us now consider 


(n - 04) jf a+%! 

Integrating by parts, this becomes 


i r ult 

tl ,orI 


11 u* ( i+„*) 1ok 11 - } = IL 1ok ' 1 - } 1 «»(i+««> 

We deform the path of integration in the last integial so as to avoid w = =ti by 
going around these points on semiencular paths of small radius, tin* semicircles 
both lying in the half-plane above the real axis. Then closing the path of inte¬ 
gration in the upper half-plane the pole at u * i gives 


u | du 
f u*( 1 + u 2 ) 


f" udu 1 [ ult , , 2 \dv ~ 2 vi 1 . / l\ 

l (1 + u 2 )- l J, ° K 1 1 V 1 v ! ~ 91 ”4 2i(i 2 ) <>K \ + t 2 ) 

= "I log ( 1 + i)- 


Setting I = | *. | /y, 

f" udu 1 f‘ ,M | 1 ,.dv ir . /, , jA 

i (T+ti 2 ) 2 1 x. ii, 

Adding the above equations, 

(u - w s f <ifs? i J. i f """* 11 -''; - - l '<* i «=**»• 


Clearly since 
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0(a), a —> 0, 

0((log a)/a) = 0(1/a 1/2 ), a —► «. 


Tlius 


v r udu 1 r /,xnl i n 2 

Si (i + u?y |x„| i log 11 v 


dv j 
v 2 ! 


t(/ 


\*n\lv 


udu 


(i + u*y | r, 




udu 

Wi/» (i + « 2 ) s I 


i 0 ( i*r\\ 
*1 W'W 


£,.})<*■ 

Tlius the order of integration and summation can be inverted in (11.05) to 
give 

f" Udu V 2 ' 1 r u vl\ z *\ 2 | dy 7T . | n , v | 

Jo (X + «’)’ S I *. | Jo l0g 1 1 " * 1 ? = - 2* l0g 1 ,,(±ly) I- 

Letting */—><» and using (11 03), it follows that 


C Io 


udu _ _ 7T .. log |_F(d=Hf) | 
(1 J- u 2 ) 2 2 " " ?/ 


lim log |«±») I _ _ C 

i/-*oo y it 

But by the definition of k\ as limit superior, it follows that k\ — — C/x. This 
completes the proof of the lemma. 

Lemma 11.2. If N(r) is the lokd number of Z( ion of F{z) less than r m modulus , 
then 


l im N(r) = 2*, 

r-oo r X 


(11.06) 

Also 

(11.07) lim I f 1 1 log | F(Re') \ -hR | sin 6 \ | <M = 0. 

R—*oo K Jo 

Proof of Lemma 11.2. By Jensen’s theorem, Theorem A, 

(1 1 nc\ 1 f N(r) ^ 1 f 1 I I J/, 
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till 


Thus by (10.03), 


(11.09) lim sup * [ dr £ ~ f ki | sin 01 d9 - 

r—*bo it Jo r Jo IT 


By (11.01) and 


it follows that 


log | F(iy) I = l‘ log (l + £)' l2 dN(r), 

I™, hi 106 i 1 +%)dNir) = k t . 


Integrating by parte twice this becomes 

i;™r r *y f" N M 


lim 2 f - r ~- dr ' f - 
v-»oc Jo (r 2 + y 2 ) 2 r Jo w 


du — k\. 


it follows that 


y^ooJo (r 2 + 7/)2 
Thus for any small a > 0 


r _r_jt dr = * 

A (r 2 + j/ 2 ) 2 2’ 


2/y rf fl riV( H ) (/u _ 2*,\ = 
(r Jo u 


** Jiir/sLw 

v-*oo \Jo ■'i/ / (r 2 -f- y-)- (r Jo 2 / x 


lim inf J ^- y rfr f du - —= 0. 

l/—w jy(l-a) (/' 2 •+■ y 2 ) 2 |r Jo U 7T J 


Replacing the variable r by yy, we obtain 


" + 0 < 4 V'{; 

<r+/x 


try , jl r/V(ii), 2fc, 


rfo lim sup |' r N ^du-H 
v -*«o jyy Jo v tt J 


(»* + 0 s 


where this last statement follows from (11.09). Using this in (11.10) 

lim inf J ^ I *[ 1 J NM du - ^ 0. 

v-»oo Jro -«) (r 2 + y 2 ) 2 jr Jo u * J ~~ 

Since N(u) is positive and since 1/r is a decreasing function, 

lim inf r , 2r> JL _ dr J 1 r N(u) du _ »A 

y-oo Jy(i-cr) (r 2 -f y 2 ) 2 \y(l — a) Jo u TT j ~ 
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Replacing the variable r by yv and observing that the terms in the braces are 
independent of r, 


lim inf 


\y(l — a) Jo u T j Ji-a (1 


2v_ 

+ V*)2 


dv ^ 0. 


Since the integral in v is positive and independent of y, it follows that the limit 
inferior of the term in braces is positive. 'Therefore 


lim inf i f N i u) du § — 1 (1 - «). 
J /-00 y Jo u 7 r 

Since this holds for arbitrarily small a > 0, 
lim inf 1 

1 /—QO y Ju U TT 

This result and (11.09) give 

(11.11) lim ifWar-B. 

k—vo K Jo r ir 


Using this in (11.08), we have 

- kl = 1,1,1 9 l ^r^\ni{c' , )\iie. 

IT ft-*00 Jir/x Jo 

Or 

lim 1 f {hit | sin 0 | - log | F(Rc 9 ) | j dd = 0. 
w—*« Zirli Jo 


For any 6 > 0, 

(11.12) lim ’ F \SH + k,l< I hin e I - log I fW‘) 11 M = S. 

h— oo 2irIt Jo 

But by (10.03) for sufficient 1\ large R 

8lt -f hit | sin 0 | — log | F(Ri '*) | > 0. 

Thus (11.12) can be written as 

(11.13) lim * [ I SI< + hit | sin t \ - log 1 1 1 '(He’) 11 dfl = i. 

«-• oo Zirtt Jo 

But 

[ k t H | sin 6 | - log | F(Hc > ) | | S 5ft + | SH + k,H | sin 9 | - log | F(Hc'‘) | |. 
Integrating the above and using (11.13), it follows that 

lim sup J [ | kiR | sin $ | — log | F(Re'°) 11 dB ^ 26. 

R-* oo Zirti J o 

Since 8 can be taken arbitrarily small, this gives (11.07). 
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11111 


To got (J 1.06) wo observe that (11.11) gives, for any a > 0, 

1 /* w(1,a) N(r) . 2 k l(i v 

lim „ / dr = — (1 4- a). 

R-*oo R Jo r 7T 


Subtracting (11.11) from this gives 


1 f * (,+a) V(r) , % 

lim / - dr = — a. 

r—* oc /t •'r r tt 


Since -V(i) is an increasing function and 1/r decreasing, it follows that 

• a) Jr 
or 

>r/r»\ 

5— 1 U +«). 


Umsup Rp ,i t _ A I dr <,-—a } 

v N(R) ^ 2h 


R 


Since a can be taken arbitrarily small, it follows that 


Similarly 


r N(R) 
lim sup .y 

R—*00 H 




2 *! 


lim inf 


V(tt) 



thus giving (11.00) and completing the proof of the lemma. 

12. Proof of the basic theorem. In the next lemma we prove Theorem XVII 
for F(z), that is, for functions with real zeros. 


Lemma 12.1. If Ni(r) and Ni(r ) arc the number of zeros of F(z) less than r in 
modulus in the right and Uft half-planes respectively , then 


( 12 . 01 ) 




*i 

7T 


Proof of Lemma 12.1. By (11.07) 

l r r ^ i b 

(12.02) lim -L log | F(R('‘) | cos = - h | sin 01 cos OdO = 

R—w irll J-rfi TC J-r/i T 

Applying Carleman’s theorem, Theorem B', (41.04), to F(z) in the right half¬ 
plane, we obtain 


/. C " i) 1NM - ,)i LL 1 1 *»'■* 


x«!«««-«I *+m ±m. 
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If we write the above equation for 72(1 + a), a > 0, subtract the equations, 
and use (12.02), 


f r *u+«) 


itaN "*>-/ 
» u* r Jo 


■ t dNi(r) + 


jf 


'*<!+«) 

72 2 (1 +«)*“ 

, ( mR(l+a) , 

^2i\L l °e\F(iy)F(-iy)\^ 

i [ha+et) 

- R\i + a y L log 1 1 


^ f 0 log I F(iy)F(,—iy) \ dyj. 


1 

But by (11.01) log | F(iy)F(—iy) \ ~ 2kiy. Tims the right side of the above 
equation becomes ki log (1 -f a)/nr. Therefore 


lim l dNM - f Hll+a) r 

*-«> V* r Jo 


dNi(r) 


72 2 (1 -fa) 2 

+ l" £<Wi(r)} = log (1 + a). 


Or 


-ir c - we+ a )^ A ' ,(r)+ r @0 - 2a - (i+«)‘) dAriw 

+ wf 0 r dNi ^} = x log ^ + a ^ 

From this, dividing by a, 

I 2 . fc,| . . 1 /I 

limsup krr / rdATi(r) - 1 ^ lim sup / I 

8 -.00 I Jo 7T I R-*to a Jr \T 


<*)’) 


dJVi(r) 


«*(1+. 

+ il 1 - 2 “-(T+«?l hI ?i. up £ h dNM 


ki 1 log (1 + a) — a 1 


Replacing the terms on the right above by larger terms gives 

1 t2 p | i£ rdNM ~i\ s s . up l (i" L' +) mm 

+ 1 1 1 - 2a - crhy I H r. up 3 C dN,(r) 

. k, I log (1 + a) - a I 


(12.03) 
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Since the zeros iii the right half-plane are contained among all the zeros of 

m, 

I r N{1 ^ /N 1 NlR + Ra)-NW) 

limsup / dNi(r) ^ Inn sup / dN(r) = lim -- „-. 

And by (11.00) this becomes 

lim sup / dNi(r) ^ 

*-*ao it Jr 7T 


Also 


.. 1 f* Ni(R)^ y N{R) 2ki 

hm sup / dATi(r) = lm» sup ^ lim sup —' = — . 

rt-*oo /v Jo rt-*oe ii a:-*OO K T 

Moreovt r for small a 

' (l - 2« - -J ) = 0(a), >°* (1 + “ } - « = 0(a). 

« \ (1 + a) 2 / a 

Using the.se i(‘suits, (12.03) becomes 

lim sup i \ [ rdNi(r) - kl 1 = 0(a). 

* — oo /L 2 Jo 7T 

But a can be chosen arbitrarily small. Thus 

lim ?, f rdNi(r ) = . 

/i—*oo iL“ Jo 7T 

This can be written is 

+ 0 ( 1 )). 

Integrating by parts gives 

(12.04) AWi(A) - JVi(r) rfr = A 2 (E + „(])). 

If 

(12.05) xh(r) — f h(u)du = x z g(x), 

Jo 

then we shall prove that 

(12.06) h(x) — xff(x) 4- J g(u) du + Co 

where Co is a constant. For let 
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From (12.05), h(x) — xg(x) is continuous and therefore t(x) is continuous. 
Putting h(x) into (12.05), we have 

x*g(x) + x £ g(u) du -f xt(x) - f vg(u) 


— j[ ** j[ dy — j ( t(«) <<« 


Integrating 


jf wg(w) dw by parts the above equation becomes 


x*g(x). 


xi(x) - j£ t(w) dw — 0. 

Since /-(j) is continuous, this equation implies that t(x) is differentiable. Hence 
differentiating, 


, dl(x) 

dx 


= 0 . 


That is, t{x) is a constant. This proves (12.00). 

If we now apply (12.00) to (12.04) we get 

Ni(R) = kl R + o(R). 

T 


The same proof holds for N*(r), and this completes the proof of the lemma. 

Proof of Theorem XVII. Since the zeros of F(z) are r,,/cos 0„ and are therefore 
larger in modulus than those of f(z), it follows that 


Thus by (12.01) 

ni{r) ^ N\{r). 

(12.07) 

lim inf ”' (r) £ \ 

r—*oo r 7T 

Let w 3 (r) he the number of zeros, z„ , of /(z) less than r in modulus in the right 

half-plane for which | am z n 
by Lemma 9.1 

it follows that 

| ^ 8 where 8 is a small positive quantity. Since 

E lain «. i < oc> 
i r„ 

sinJ <». 

Integrating by parts 

(12.08) 

r w 8 (r) 

j[ - r - s *<•■ 
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Hill 


Since n z (r) is an increasing function of r, 


n*(R) 

~R 


=n, ( *)/;j s /; 


nM 

r 2 


dr. 


Using (12.08) this gives 
(12.09) 


Urn Hti P = 0. 

K-*to it 


Let us now consider the zeros z n of f(z ) in the right lialf-plane for which 
| am z n | < 8. Then the number of these zeros less than r in modulus is Wj(r) — 
n z (r). Since the zeros of F{z) are in the form r n /cos 6 n , it follows that 


?ii(r) - n s (r) 


\cos 8/ 


Thus 


ni(r) — n 3 (r) . .. Ai(r/eos 8) 

lim sup w - - - — ^ lim sup w 

r—*oo T r-*oo T 


By (12.01) and (12.09) this gives 


fci 


lim sup ^ 
r-00 r X cos 5 

Since 8 can be taken arbitrarily close to zero, this inequality and (12.07) give 

u m 

r-.ee r x 

If we set fci/x = B and recall that ki ^ k, then 
lim n ‘ (r) = B 5 -. 


The same proof applies to n 2 (r), and this completes the proof of Theorem XVII. 
13. A related theorem. In this section we shall prove Theorem XI. 

Proof of Theorem XI. As in the proof of Theorem XVII we introduce F(z) 
with real zeros. We recall that | F(x) | ^ \f(x) | and thus by (6.05) 

(13.01) F(\.) = 0(e-‘ K ). 

We also recall that 

(13.02) lim = B 

r-»x r X 

Since the Polya maximum density of (X n ) is D > /c/x, it follows that D > B. 
Let D — B — ct y Then a > 0. 

From the definition of P61ya maximum density it follows that there exists a 
value of £, £o < 1, such that 
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lim sup -Q- -£ D - i a. 

r-»ao r — o 

From this it further follows that there exists a sequence of values |r w ), (m > 0), 
such that r m —* » and 


A (r m ) - A(r m £ 0 ) ^ n A 
_ ^ d - ia. 

r»n r m £o 


On the other hand, by (13.02) it follows that for sufficiently large m 


Ni(r m ) - NiirnZ o) 

r»n o 


^ £ -f i a. 


In other words, the number of zeros of F(x) in the interval (r„,£ 0 , r TO ) is at most 
(B -f }o;)r m (l — £ 0 ) + 2, 


whereas the number of (X«) in this interval is at least 
{D - \a)r m (\ - &) - 2 . 

We recall that X, l+ i — X» ^ c > 0. Associate with each X„ the interval (X„ — 
\c, X„ 4* ik). These intervals are separated from each other. Since the number 
of X n exceeds the number of zeros of F(z) in , r w ) by at least 

(D - }a)r m (l - to) - (B + i«)r»(l - « - 4 « Jar.(l - to) - 4, 

the number of intervals (X„ — lr, \ n + l c ) in (r m to, r m ) which contain no zeros 
of F(z) is at least 

(13.03) i«r«(l - to) - 0. 

But since F(z) lias only real zeros and since F{z) = 0(c A l * 1 ), it follow's from a 
theorem of Laguerre 2 that F'(x) vanishes once and only once between suc¬ 
cessive zeros of F{x). We recall that F(x) is real valued. Thus between each 
adjacent pair of zeros ol F{x), | F{x) | increases steadily from zero to its maximum 
value and then decreases steadily to zero. Since each interval (X„ — \c, X„ + 
\c) which w'c are considering contains no zero of F(x), it now follow's that in one 
of the two intervals (X„, X„ -f k) and (X„ — k> X„), | F{x) | ^ | F(X n ) |. Thus 

r X„+c/8 

(13.04) / log | Fix) \dx^ic log" | F(X n ) |. 


By (13.01), this gives 

f r/8 

(13.05) / log | Fix) | dx ^ - |c3X n + A, 

J \n-c /9 

where A is a constant independent of X„ . 


Titchmarsh, Theory of Functions, Oxford, 1932, p. 266. 
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mu 


By (13.03) there are at leant \ar m { 1 — £o) — 0 intervals in (r w £o , fm) where 
(13.05) holds. Moreover in (r w £o, r m ), X„ ^ r m $ Q • Thus 


r 


or 


/ log | F(x) | ~ ^ - ~ otcb$ o(l - lo) + f • 

J r,n( o x Zor m 

I vetting m —> «, 

/ r « fa 

log | F(x) | — g < 0. 

Since r m —» <», (13.06) implies that 

(13.07) j“ log- \F{z)\ = - »• 

But | Fix) | ^ | f{x) | and (9.05) imply that 
(13.08) f lo K + l/WJ dx < x. 

J—oo J “7“ 


By Carleman’s theorem used in exactly the same way as in getting (9.06), 
(13.08) implies that 


r 


log I Fix) I 

1 + z 2 


dx > — oo 


if F{z) is not identically zero. But I his contradicts (13.07). Thus F(z), and 
therefore also/(z), is identically zero. This completes tin* proof of Theorem X1. 

14. Another related theorem. Proof of Theorem XIV. The proof of Theorem 
XIV proceeds in much the .same way as that of Theorem \ 1. In Theorem XIV 
wc also introduce Fiz), and, since | Fix) | | fix) |, 

(14.01) F(K) = 0(r ,,K) ), 


for a sequel ice of X, having an ordinary density D. Also 


li m N M = B £*. 


Since D > k/r, D > B. Thus, as before, if a — D — B then a > 0. Since 
X„ has an ordinary density D, 

lim A(2r)-A (r) = D 

r-*ao T 

Setting r = 2 W ‘, it follows that for sufficiently large m 
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A(2” +1 ) - A(2 m ) 


' 2 m 




On the other hand, by (14.02) for sufficiently large m 

N(2 m+l )-N(2 m ) < nil 
0m ~ ^ B + la. 


Thus the number of zeros of F(x) in the interval (2 m , 2 wf J ) is at most 
(B + \a)2 m + 2, 

whereas the number of {X n | in this interval is at least 
C D - }or) 2 m - 2. 


As in §13 there must therelore be at least \a2 m — (i intervals (X„ — \c, X* -f 
gc) in (2 W , 2 T,Hl ) which contain no zeros of F(x) Thus, as before, by Daguerre’s 
theorem for each of these interval 1 * (X„ — \c, X n + \c) (13.04) holds. That is, 

t>\ n +c/H 

/ log - | F(x) | dx ^ \c log - | E(X„) |. 

*b„-r/8 

By (11.01) this becomes 

An » r/8 

(14.02) / log | F Or) | dx < - \ c0(X n ) 4 A . 

J\n c/8 

Since* in (2’", 2 mf1 ) then* are at least ]«2”' ~~ 0 > \a2’" such intervals and 
since, in (2’", 2 wtl ), X w ^ 2 m , we have from (11.02) 

T log I HO I dx s 0«2”)(-icfl(2 m )) + aA2 mn 

£ -«c2”~ 6 fl(2") + aA2 m>> . 


Krom this 


i ,i 


’log | Hr) IJ s 


ac 0(2 m ) 2«A 


" 128 2 m 


< _ac 9(2 m ) 
- 256 2 m ’ 


Since 0(j) is monotone increasing, it follows that 

r + ‘, «c r e(x) 

L 1<>K i ,w| ? = "ioooD . i* 


//a; 


Ml —► 00 . 


for large m. Adding the above inequalities and recalling that 
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it follows that 

j i Iojf I/’’toI ~ 

But as in the proof of Theorem XI, 1 his implies that F{z) is identically zero. 
This means f(z) must he identically zero and completes the proof of 
Theorem XIV. 



CHAPTER IV 

ON NON-HARMONIC FOURIER SERIES 1 

16. Proof of an underlying inequality. In this chapter we consider the ques¬ 
tion of expanding a function f(x) into a series of trigonometric functions, 
{e' Kx }. Up to this point whatever theorems we have proved involving {e* Xn *} 
have been essentially closure theorems. That is, we have shown under various 
conditions on X„ that if f(x) e L p (-x, t) and if 

£ f(x)e' K ’dx = 0, 

then f(x) is a null function. In general such results do not imply that f{x) can 
be represented by a series a, ( e tX "". Even in the case where f(x) e L 2 ( — x, x), 
all that is implied by closure is thal given any e it is possible lo find a polynomial 
in I\(x), such that 

j[ \f(x) - p t (x) \ 2 dx < €. 

Therefore it is of considerable interest to find conditions under which it is 
possible to get a series representation for f(x) in terms of |c ,X bX } analogous to 
the Fourier series. Such series were studied by Paley and Wiener 2 who called 
them non-harmonic Fourier series. 

Paley and Wiener proved that if 

(15.01) 1 X» - | ^ D < — oo < n < oo, 

then the sequence (e lXnT | is closed in jL 2 ( —x, x) and possess(s a unique biorthogonal 
set {A n (z)), such that the senes 

no f tn* /•*■ r r 

§ \2x L me _ 

converges uniformly to zero over any interval ( — tt-\-8Sx^tt — 8) for any 
positive 8, and over any such interval the summability properties of 

(15.02) Z e’ x ”' T/(i)U«) dt 

—eo J-* 

are uniformly the same as thost of the Founer senes of f(x). 

1 Cf. N. Levinson, On non-harmonic Fourier series , Annals of Mathematics, vol. 37 
(1936), p. 919. 

1 Paley and Wiener, loc. cit., chap. 7, p. 108. 

47 
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In other words, if (15.01) holds, the non-harnionie Fourier series (15.02) eon- 
verges in exactly the same way as tin* ordinary I<ourier series. 

Paley and Wiener asked t\u> questions about their theorem. First is it neces¬ 
sary that D < 1 /jt” in (15.01) and second is there a theorem if f(x) eL(-ir, tt )? 
The answer to the first question is that if/(r) e t r) it suffices for I) < }, 

and this is a best possible result. The answer to the second question is that 
there is no general theory’ if f{x) cL(-tt, tt) but there is a general theory if 
f(x) e L v { — r, tt), 1 < p ^ 2. These results are contained in the following 
theorems. 

Theorem XVIII. If {A„} w a sequence and D o constant such that 

(15.03) | A„ ~ n | ^ D < V 1 , - <*> < n < », 

for sonic p, 1 < p ^ 2, then t/u s<i {< ,Xn 'j is elosid //( — it, r) and possesses a 
unique hiorthogonal set \h n (x)\ such that for any f(x) c //( —tr, r) the series 

« f inx c r r T 

(15.04) Z |' T | r /(i)An(i) rf{) 

converges uniformly to zero w'er any interval { — — 5) for any 

6 > 0. Mon over the difference of tin weighted sums (Iticsz, Ahd , and so on) of 
the non-harmonic and ordinary Fourier siries also eonvergis uniformly to zero over 

( — 7r + 5 5= r 5s TT — 6). 

In other words, the convergence and summability properties of the series 
(15.04) are exactly the same for the ordinary Fourier series for f(x) over 

— TT < x < TT. 

Theorem XIX. If (15.03) is n placed by 
(15.05) 

2p 

then the results of Theornn XVIII no longer hold. 

Combining these two theorems, it is clear that then* exists no general L theory 
of non-harmonic Fourier scries since as p —» 1, D —> 0. 

The question as to whether the partial sums of the non-harmonic Fourier 
series of f(x), where f(x) c L p ( — tt, i r), converge in the pth mean to f(x) is still 
open. In the case* of the result of Paley and Wiener, loc. cit., with D < \fr 
and/(x) e L 2 ( — w, tt), it was shown that the partial sums converged in the mean 
to f{x) over ( — tt, tt). Naturally' these results are of interest only at the end¬ 
points of the interval ( — tt, tt) since in the interior the equi-convergence with 
the ordinary Fourier series assures such convergence in the mean. Thus for 
€ > 0 

lim [ I fix) - Z e ,x - f /({)*.({) <% \”dx = 0. 

N—*> J-T+t 1 —N J-T I 
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The problem of convergence in the mean therefore reduces to showing that, 
as « —* +0, 

Um sup (f + f YZ c ,x - f /©&»(!) d( I’ dx = «(1). 

JV-*«o \J -r •'»-«/ 1 -AT J_ r 1 

In proving Theorem XVIII the following result is of basic importance. 
Theorem XX. Let {X„| satisfy (15.03) and let 

Then there exists an absolute constant A such that 


( 15 . 07 ) /><•>!’''* <(^4 2 , 1 ,,.. 

and 

A -(P-1-2 PD) 

(15.08) I Iw*< (p 4 ; 1 . w 

for c > 1. 

As we shall see, to prove that Theorem XX is a best possible one is quite 
simple. 

First we shall prove Theorem XX It is convenient to use Ak > 0, /c = 
0, 1, • • , for absolute constants. 


Lemma 15.1. If F(. r) ?.s defined as m Theoum XX, then 

r 2AT r 2N | p( \ \2p» 

(15.09) £ \F(x) \ p dx s AvN 1 £ (2JV + 1 - x) 2pD 


where 

(15.10) 




and a n are constants such that 0 % a n ^ 1. 


Proof of Lemma 15.1. Let N be some positive* integer, 
clear from | X„ — n | ^ D that 


(15.11) 


i H- x > 

il- * 

n — D 

I X-n 

* -i*| 

1 * - l| 

n - D 1 

x„ 1 

1 - — ^ * 

11- *1 

71 + D 

1 Xnl 


If N < x < 2N it is 


0 < n < oo, 
0 < n < N, 
2 N < n < oo. 


Therefore, for N < x < 2N 
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iwi ^n i 


TT 1 _ _ x 1 J _ °L fT i__ . 

Ut n + D w-D V 1 - x/(n - D) 


And since n — D g. A„ for n > 0, it follows from this that 

i^>isn|i--: i) !| i + n ^ Z) | 


•n i- 


n — B » In — D — x\' 


Let us ieeall the following well-known pioperties of the gamma function: 

(15.13) r(i + i) = ir(®), 


(15.15) 

Using (15.13) 


rWrd - x) = , 

sin rx 

r(x + 1) ~ (2t) 1/2 x*' 


= 1 rCM + l - a - x)r(M +1-5 + z)r(A- o)r(A - b) \ 

| r(A - a - x)T(K - b + x)r(M + 1 - o)l'(M + 1 - b) I 

Let K — 2N + 1, u - —D, b = D and M -* co. Then 

n|i- —I'i + i_| 

2 v+i I n + D 1 n — D \ 

fl5 171 _ I r(2N + 1 +_Z))r(2JV + 1 - D) i 

I r(2iv + 1 + D - I)r(2 N + 1 - D + x) I 

r(M + i + d - ®)T(JW + i - d_+ x) I 

r(itf + i + d)t(m +1 - D) r 

Using (15.15), we have 

lim l r Ctf + 1 +]> - *)r(Jf + 1 - D + z)| 

v-» I r(jwr + i + Dir(M +1 - />) 

= lim U M + D ~ *V " W (M-D- xy~ D+llt (M -D + x\'\ 
M-* \V M + D ) \ M — D / \M + D — x) ) 

= e~V = 1. 
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Thus (15.17) becomes 

frii- * | i + * 

(15.18) ” + 2)1 n ~° 

= j r( 2 A r + 1 + D)r(21V + 1 - D) I 
| r(2 N + 1 + D -x)l'(2N + 1 - D + x) I - 

Setting K = 1, M = 2 N, and a = b = D in (15.1G) gives 

ff|i- % 1 + -,* | 

i I n — D n — D | 

= I r 2 (l^-D)r(2A r + 1 - D--x)r(2N + 1 - D + r) I 
I r(l — jD + a-)r(l — D — r)r a (2JV + 1 — Z>) r 

By (15.14) this becomes 


_ I r*(l - D) sin v(x + D)V(x + D)T(2N + 1 - D - x)l'(2N + 1 - D + x) I 
| ' *T(1 - D + x)T\2N + 1 - D) ' [ 

Using this and (15.18), (15.12) becomes 


I F(x) | <; 


< r^l - D) sin *(x + D) (_V(x ±D) 


\T(x-D + l))\ 

(r(2 N + 1 - D-x) 
\V(2N + ] + D - x) 


X r (2 N + 1 + D)\ 
T(2~N + 1- D)J 

*Affl *»-« 1 

r)/ n I n — D — x | 


or N < x < 2 N. 

By (15.15) for large M and fixed a and b 
r(Af_+ o) < 2e „-«(M -l+a\ 


r(M + b) 


<^(■ + *1 ‘AO" 


(Af - 1 + o)“ 


Using this on each of the terms in parenthesis on the right of (15.19), and 
recalling that N < or < 2 N, gives 

(15.20) irwi £ 


When | n — D — x | < ^ we have 


\ n — x 
n — D — x 


| sin ir(x + D) | ^ ir. 
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When 1 ^ | n - 1) - a | the inequality 

i 4 / ^ -GO < * < 00, 


gives 
(15 22) 
Clearly 


Sinee | ;« 


Or 


| \n~X 
71 — 1) — J 


1 + 


X« ~ n 4" D 
n — 1) — x 


^ exp 


X„ — n + D 

71 — D — i ' 


| 47 ;_ \ K 4/; 

} (n — D — x)(n — D — x — 2i) | = (n — D — x) 2 

- n + D \ £ 2D, 


47; I (X, - n + D)2i I 

(n — D — jl) 2 ~ \ (n — D — x)(n — D — x — 2i) I 

_ \\ n — n -\- D _ X„ — n -f- D I 

n — D — x n — D — x — 2i\ 

> /^ n ~ n D _ \ n — w + 7; \ 
~ \ri — D — x n — 1) — x — 2ij 


X B — n + D < 47; ^ 4 - < T v X„ — n D 

n ~ D — x ~ (r< — D — j) 2 ' ft — D — x — 2i‘ 

Using this m (15 22), 


Xn-s . / \ n — n + D 47; \| 

« -in x = exp \n -V- z- 2i + (r, - D-ry) 


for J ^ | n — D — x | Combining this with (15 21), 
X„ - x I. 


II 


n — D ■ 


| sin ir(x + D) | 


i /II 

^ ir | exp 




I 2N \ 

< Ai I exp - T . » . 

I \ n — D — x ~ 2i\ 


■ n -\~ D I 


If we set 




Xn - n 4* D 
2D 


then clearly 0 £ a„ £ 1 and the aho\e inequality Incomes 

iff 1 -v _ _ I 2AT | r 

(15.2 3) nj^ —||-inrfc + D)| <A 2 Il|exp{ n 


} |2X» 

I 
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[ 15 ] 


From the power series expansion for e\ 

(15.24) |f’| S | 1 + 2 | + \z\‘, |*| Si. 

But for | * | S i, 11 + * | }. Thus 

| 1 + * | + | * | 2 S | 1 + * | (1 + 2 | * | ! ), 
and (15.24) becomes 


|e’|S|l+*|(l+2|* | s ), |*| Si. 


Using this in (15.23) gives 


2JV 

n 


An ~ 

n — D — x 


| sin t(x 4- D) | < A s |l 

JV 


«„ + n - D - X - 2t s " 
n — D — x — 2i 


This inequality in (15.20) gives 


(15.25) 


jkj -1 \ 4J> 2Ar 

| F{x) | £ A, (2]V n 


a n n — D — x — 2i 211 
n — I) — x — 2i 


for N < x < 2N. Taking the pth power and integrating, we have (15.09). 
This completes the proof of this lemma. 

There is no simple' majorant for F{x) that is sufficiently close to F{x) in 
magnitude* to give a satisfactory appraisal of its size. The reason for this is 
that, depending on the {A„}, F{x) can be large at some places but if so must 
ce>mpensate by being small m other places. Thus a satisfactory majorant in¬ 
volves jA„| or something depending on {\„) such as |a„}. The relation (15.25) 
gives such a majorant. 


Lemma 15.2. Let 


(15.26) 


f( ) = + *’W • • • ^ 4- ib) 

X (x - ai + ib) ••• (x — o**+i + ib) 


where 0 S «i < a 2 < < (Hk+i ^ 1 and b ^ 0. If 0 £ t < 1, then 

(15.27) £ \f(x)\‘dx g t 5 _- r 


This inequality is of some interest in itself and will be investigated more 
closely at the end of the chapter. 

Proof of Lemma 15.2. Let 


H(z) = i 


(z - qg) »»» ( z ~ 02 k) 

(z — Oi) • • • (z an+i) * 


Using the partial fraction expansion for H(z), 



+ ••• + 


1 Y 

z - <hk+i/ 
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It is clear Him! the sum of the r 's is one. Since tlie a’s form an increasing 
sequence, it is easily seen that <’i > 0. f, a >(),••*. If we set. z = x -f- ?*/, 


Jh7/(z) = 


, + ••■ + 


w ~ (X- ai) 2 + y 2 ' ' (* - ^i) 2 4 F 2 ' 

Tims ffi//(z) £ 0 for y ^ 0, and therefore 

| am //(*) | ^ |tt, 2/^0. 

This result and Wl\z) = | H(z) |* eos (/ am H{z)) give 

IHb))' S 

COS 

But cos \irt — sin \t{\ — t) > 1 — t. Thus 
(15.28) 

Since Il{z) has no zeros or polos in y > 0, U\z) is analytic for y > 0 and its 
integral around any closed contour in that region is zero. Thus for any fixed e, 
1 > e > 0, 

Jf H l (x 4 it) dx 4 i £ 7/‘(2 4 iy) dy 

— f i H\x + i) dx — i J H l { — 1 -f iy) dy = 0. 


£ H‘(i + it) dx 1 S £ ! ff(2 + iy) I' dy 


+ jfi//(-i +«/) iy./ + £i»(, + oi'rf*. 


Since the r\s are all ])ositive and their sum is I, it follows from the partial fraction 
expansion of H{z) that 


I H(z) | £ . - . , 

min 0 </£A 1 2 - <iti+i | 


Using this in (15.29), 


jT H\x + it) dx ^ 14143* 5. 


Using this in (15.28), 


4 it) dx 25 5. 
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(15.31) 




for any « > 0, 0 < < < 1. If e ^ 1 , (15.31) is trivial by (15.30). If c = 0, 
(15.31) holds since it holds for all c > 0. Thus (15.31) is true for all « ^ 0 
and (15.27) follows immediately. 

Proof of Theorem XX. Clearly 


<■“> r 


\P{x) 


|2j»D 


If we recall the definition of P(x) and set 


x-N + 1 
y N + 2 ’ 

then 


i 


ipmi 


ndX 


Fat-1 | 2N + 1 - X - 2l 

^ 4 N l ’ 2pD 


[' (v- 

Jo (y- 


(y - <h + ib) ■■■ (y - + ib) I*"’ 


'o I (y — ai + *5) • • * (y — ojat+i + tf>) I 




where 0 ^ «i < Oa < 
15.2 it follows that 


< aafc+i ^ 1 and where b = 2/ (N + 2). By Lemma 


r 

J N- 


i?wr ^ 2Q 

|2iV + 1 - i - 2ip*> - 1 - 2pZ> 


IV 


Using this with (15.32) and (15.09), 


r 


If we set N = 2“, 2” ri, ( 

f 


mx)Vdx ^- 2j>D 
• and add, we have 
A b 2" ' 


10A 8 2" 


(1 - 2pD)(l - 2"<* »-*«) “ (p _ 1 - 2pD) 2 ’ 


Theorem XX follows immediately. 

16. Proof of the mujn theorem. We shall first prove several lemmas con¬ 
cerning 

(16.01) G(w) = (w - X.) (l - (l - j^) 

where 


(16.02) |X.-»| § D <^o--. 

2p 

We shall continue to use Ak as absolute positive constants. 
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1 ,emma 16.1. If w = u + iv, then 


(16.03) 

1 G(w) 

| < A,( | w | + 1) 4 V"", 

(16.04) 

1 0(w) 

| > A, | v | (| »| + l)- 1 - 4 ^' 1 ' 1 , 

(16.05) 

i 

[ G(i + iv) | > A, . 


Proof of Lemma 16.1. Let am w — d. If u ^ 0, | w | ^ § and if N is deter¬ 
mined by 

N — J ^ | w | sec $ < N + 

then 

I w/hn | < cos 0, n > N. 

Also, wince a ^ 0, w/\ n lies in the right half-plane. In the accompanying 
diagram, Fig. 2, P represents w/\ n and OD = cos 0. C'learly moving P closer 



to I) shortens the line from 1 to P. Thus 


Similarly 


and therefore 


Since v §£ 0, 


i -^ 11 - % 


n - D • 


w 

X" n 


> cos 0, 


l-ril- 


n+D\’ 


i -. a i + 

A «n 


n + DT 


n > AT. 


0 < n < N, 


0 < n < N. 


n > 0. 
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Clearly 


= N + D ‘ 


Therefore 

igwi s 


N + D 


II 

jv+1 W — D I 


Using the gamma fund ion in the .same way as in Lemma 15.1, we have 


I 0{w) | ^ 1 — 1 ^ | w — D | | Xat — w | 


sin rr(w — D) 
w — N — 1) 


(16 06) % - D) I± N + L+ D ~ W ^ N + 1 “ D ) I 

‘I r(uf + 1 4- D)r(N + 1 - D - w)f(N + 1 + D) I 

> A Ml** -w\e w ' vl 22> | V(w - D)T(N -f 1 + p - w) I 

~ 9 i+|u?-tf| \Y(w + 1 + D)T(N + 1 -D-uOr 

But, for x ^ 0, using Stirling’s formula, (41.07), and taking the real part, 
(16.07) log I Y(x + ly) | = (x - |) log I X + ty | - y tan -1 y/x + 0(1) 

as | x + ty | —> oo. For x ^ 0 and 2 > a > 0, 


y tan lV - y\ an 1 jf = \y tan 1 ay/ I < j y tan 1 “ I < 10. 

I x x + «I I J*(J- -f a) + y 2 1 ' y\ 

Thus using (16.07) in (16.06), and recalling that j w | < (N \- i) cos 0, 

\ /'( 11 > A | Xat — w\ e* 1 ” 1 

I (t(w) I = |“>(1 + I w - N I) 1 - 2 ® 

(16.08) , ' 

>. _ IX.-jcle ' 1 ' 1 

“ “(l + lw-ATIHl + M)" 1 ' 

Since G( — w) is of the same form as G(w), the results hold for all values of u 
and for | w | ^ ). By precisely the same argument with | w | < \ and therefore 
with N now zero, it is clear that the result is true for all w. Inequality (16.04) 
is an immediate consequence of (16.08), and (16.05) is also an immediate con¬ 
sequence of (16.08). The proof of (16.03) proceeds in very much the same 
way as the proof of (16.08). 

Lemma 16.2. The functions (/i„(x)} defined by 

(winn) i. _ l i ™ * f G(u) tux 


t \ ,. i r G{u) 

n (x) = l.i.m. — / —\ 

A-*«0 2t J-a \U — \n)G (An) 
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IIV] 


form a sequence biorthogonal to [e**" 1 } over (—it, t), and 

h n (x) *L°(-ir f it), % ~ pZT\' 

The limit m the mean in (16.09) is of the qth order. 

Proof of Lemma 16.2. By Theorem XX 

U — An 

Thus by Theorem (3 on Fourier transforms of functions in L p , h„(x) defined as 
in (16.09) exists and belongs to L q {— <x>, »), q = p/(p — 1). 

By (16.03) 

I <?(«>) ; 

I (W - x„)G'(x.) I ^ (l + | W D‘-“ | G'(x„) I • 


Since D < (p — l)/2 p and p S 2, D < Thus if 1 — 4Z) = 5, 8 > 0 and 

=oU"’') 

(«. - X„)G'(X.) \| w I*/ 

as | iu | —> . Thus *or .r < — t and v ^ 0, 

GWf"“ = r , /V* + '”\ _ .. 

v-K)G'(K) U \\w\ t J V l»l‘ / 


(tc • 


Therefore 


kM-nm'f. dw > 

A -*00 2tT Jc (lC — Xn)er (X n ) 


if this limit exists, where C is the closed contour formed by the line ( — A £ 
u S A) and the semi-circular arc (| w | = A , 0 ^ am w ^ *•). But the integral 
of an analytic function around a closed contour is zero. Thus h n (x) — 0, 
x < — 7t\ A similar result holds if x > rr, giving 

hn{x) = 0, I x I > ir. 

Again using the transform theorem, Theorem G, 

G(u) 


= [\(x)e" 


: dx. 


(u - X„)G'(X n ) 

From this and the fact that G(\ m ) — 0 for all m it follows that 


J-r [1, m — n. 


Thus |/i„(x)} form a biorthogonal sequence to {e*"*). 
We can now prove Theorem XVIII. 
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Proof of Theorem XVIII. Let C denote « r i rectangular path in the complex 
plane with vertices at (N -f \ + iM, -N - £ + iM, -N - £ - iM, 
N + i — iM). Let <f>(x) = 1 , | x | < l, and lot <f>(x) - 0, | x | > 1 . The 
function G(u) is defined as in (16.01). 

Using residues and Lemma 16.2, 

= l.i.m. 1 r [t 7 * ( Ol du 

fin 1A\ A ~"° ^ L * G (Xn)(w — Xn) (x(w) \V + £/J 

(16 * 10) * , - AT +1/2 

- T,hn(y)e tK * - i / e %u( *- v) d W 

-AT J-N-U 2 

= tw^- sin W + i)fr-»). 

-AT *-(x - (*) 

If /(x) e L r ( — ir, w), then by (16.10) 


Z> ,i * x f f(y)h„(y)dy - 1 ['f(y) 

—.V «/— r • IT J- r 


sin (V + £)Cr - j/) 


, L >> * “£• /><* /, ofnC-n *• 


4**»“ JrG(n(« - » 

We want to show that the right side of equation (16.11) tends to zero as N - 
°o. Let 


r iW = [ f(y) dy l.i.m. [ G(u)e ,u 

J- T 4 —* oo J— A 


-tf+1/2 

J-n- 1/2 Cr 


JU- 1/2 Oft + iM){u - | - *M) I * 

This is the absolute value of that part of the right side of (16.11) for which 
varies over the upper horizontal side of the reel angle t T . By (16.03) 

(?(«) = 0(1 M n. 


Since 4D < 1 it follows that 


, € L{ — QO, oo). 


• £ — iM u — iM (u — tM)(u — £ — iM) 


in (16.12), we obtain 
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flVJ 


tuu -AM 1/2 *f* Mr 


/ * f A (llirtr * /*" 1 ' /■ 

M ,ly Urn. J t ; J lM *• rf({ + a,) - 
(16.15) -» G(u)e tuv r N+l i* t?'** Mx I 

+ L m dy L ii— iM du I-N-in W+iM)(u-J-m * I • 

By (16.13) the second term on the right above is absolutely integrable. 

Let g(u)/( 27r) 1/2 be the Fourier transform of /(?/). Since f(y) *L V and since 




r A G(u)e 
J-A U — 


converges in the 5 th mean by Theorem G, where q = p/(p — 1), we can invert 
the order of integration in the following integral giving 


[\, , , .. f A G(u)e tuv . 




(10.15) now becomes 

G(u)g{u) , f" + ' n r'"-*" , t 

l(x) ' 1. u - tJW i-v-i / 2 <7(4 + iM) d * 

rG(u)g(u) 4^"*'“' I 

J „ u — iM l a— 1/2 0(4 + iM)(» - 4 - iiW) 4 1 

where we have also inv< rted the ord(*r of integiation in the second term on the 
right of (16.15). Or, using (16.14), 


I /»« ->-1-1/2 

(16.16) h(x) = / G(u)g(u)<ht / 

■ 1-00 J-AT-1/2 (rl 


1/2 e -Af*+t£x | 

i« <7(4 + iM)(u - 4 - iAf) • 


(All we have done in going from (16.12) to (16.16) is justify an inversion of 
order of integration.) 

Clearly for M > 1 and | £ | < 2N, 


! <a„at!°«[I 

I U — £ — iM 1 'll — Xo 


Thus (16.16) becomes 


/ N f- 1/2 

\rnl mi 1 

JV—1/2 I (r(£ + &M) I J 

Using Holder’s inequality, 


G(u)g{u) 
v — Xo 
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Usiii^ lhoorem XX and Theorem (1 on Fourier transforms of functions in L p , 

J—oo I U Ao 

Using this result, (16.17) becomes 


JuS ( P -i-W 




(16.18) 


I,(x) S BNc*'*' 


[ K+w <% 

JU-in | (/(( + iM) | 


where B is some constant depending only on f(x), p, and D. By (16.04) 

I <V(£ + iM) | ^ A\tM(M 2 + AT 2 ) 1/2 2 V", | * | S AT + J. 

Using this in (1(5.18), 

(16.10) h(x) ^ A»BN\M 2 -f N 2 )c M(r ,T|) . 


Again let us consider that part of the right member of (16.11) for whieh f 
runs over the right vertical side of the rectangle 0. We denote this by 

h(x) - j f /(?/) dy l.i.m. f G(u)<> ,uv <lu 

J— T ^ —*00 J— 4 

r M e~ X7> 

' i_„ G(N + f+ i„)(« - N-l -iv) dv 


If we split the range of the integral in u into the ranges ( — A, 2N), (-2N, 2N), 
and (2 N, A), then, proceeding in a manner similar to that used with Ii(x), we 
can invert the order of integration in y and u, where in this case we use 

1 AT -H \ + iyj~ 

v — N — % — iy u — Ao (w — Ao )(u — N — l — ix \) 

on the ranges ( — A, —2N), (2 N, A). If we d(Tme g{u) as before, we have 

' r” r* e~ xv I 

h(x) ^ / G(u)g(u) du / „, XT . , . v, — X7 j - . .drj \. 

J -o J-m G(N + 2 + iv)G< - N - } - tv) I 


Or making an obvious change of variable 


h{x) ^ I f .</(" + N 
00 



GU + Af + lK*’ 

G(ir 1 + N + h)(u-ir ) ) (ri * 


Let n n = -N + Av+.». Then 

| gn “ n I £ 1) 


G(u + N + i)\ (•* + 2 — Mo\ TT / + 5 — Pr\ / U +_i — 

<7(^ + N + J) I \11f + i — m) 1 \»1f + 2 — Mn/ \b? + ^ — M-n/ ’ 


Let 
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fIVJ 


«„(«)-(«- £)(' -„!„)■ 

Then using the two equations above, 

/»« S J [ m fl(« +N + h)G„(u + i) du J u CM[iv -+ e i)(u dr, 

Clearly 

1 1 .1 < 4 - 
i u ~ iv I I U + 4 — Mo | 


unless | u | < 1 and | y | < 1, and therefore 

«.) * ./'!><■+»+>»-<■+»i„. /‘ *".,,* 

X oo 1 a + j — /uo •'-so | (™(4 + ti?) | 

+ f \q(u + N + ])G\(u + h)\du\ f n|. 

• L » I J-i (w - iri)Gn(\ + iy) 1 1 

Since fr A (w) satisfies exacth the sunn* conditions as (/(u>) the results that have 
been proved for G(w) also hold for G N {w). Thus from inequalities (16.04) and 
(16.05) 


I Gn($ -f ly ) | 


< A 10 (l + 11? |)< 


-(* 1*1) Ini 


And therefore for | z J < n 


h(x) < 


(16.20) 


(tt — | x |) : 


L 


"g(u +N + 1)G n (u+ 1)1 


m + 4 — i 


da 


+ / i l«(./ + Ar + i)o»( H + >)|rf„ 


(m - ly)G N (ly + 4) 




For | y I ^ 1, 


I e ■*” 1 1 I ^ e~ xi> i 

I Ga( tv + 4) Gjv(4) ~ V 1 dy G N (iy +5)1* 


Using (16 05) of Lemma 16.1 we have 


e 

+OZ7 


1 


G"(*J + 5) G K (l) I 


I (*? + \ 2 uiax | r/*(bj + 1) |Y 
\ A * A 8 hisi / 


But 


Oiftl + i)-, 1 ./, - G " 

. (z — Ir 


w 


(2 - t , + 4) 2 


dz 


where T can be taken as a circle of radius 10 about the origin. Using (10.03) 
of Lemma 16.1, we see that there exists an A 2i such that | 0' N (iy + 4) | < An , 
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1 17 1 < 1. Therefore 


\Gs(l + iri) G4V 


= A 22 I ri I, 


ui s 1 . 


Using this we have 


l ( U — in)Gif(tri + \) 


d ” i S | <?»(*) | L r, + m\ + A * L | ,+^| dV 


^ -7 —h 2Azi < A 23 . 
Ag 


Using this in ( 10 . 20 ) we have 


h(x) ^ 


(r-\x\y. 


g(u 4 - N + ?)Gw(a 4 - 5 ) ( 
u + % — Ito 


4~ -^28 | ff(u 4- N 4- i) I du. 


If we now split the range of integiation ( — » < u < <*) above into two parts 
and apply Holder’s mequalitv, we get 


(tt — I x I) 2 


U-[C" , '«”+»+»'■<*“]' 

(. X i). [J L 1 ®+it" [O .<.+»+»r *]' 

> ^ | g{u + AT + i) I s duj . 


h(x) S 


(» - M ) 2 1 


( 16 . 21 ) + 


).[/.“; -" r-]" t£ ■ •o’ •'*]* 

(,-r.i).[/j' < »+t)r-n£|°f ) + - 

2A 28 1 g(u 4- 2 ) r dwj • 


n{u 4- \) 
+ i — A*o 


By Theorem XX 


'"I «'<“+») dui AuN - 


1. i« + i-»r (p-i-zpz))*’ 

Also we recall that g(u) e L q and therefore 


lim [ | g(u 4- J) \ g du = 0. 

N-* «o Jx /2 


Using these results in (16.21), we get 
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(16.22) lim h(x) = 0, | x | ^ ir - 5, 5 > 0, 

uniformly in x. This holds entirely independently of M. 

Let us denote that part of the integral on the right side of (10.11) for which 
varies along the* lower horizontal side of the rectangle C by h(x). Then elearly 
I 9 (jt) satisfies the same inequality as /i(x), (10.19). We also introduce I t (x), 
similarly related to h(x). 

Bv ( 10 . 22 ), we can make I 3 (x), and therefore h(x) -f h(x), arbitrarily small 
independently of M by choosing N sufficiently large. Having done this we can 
for the particular value of N, make I i(r) + h(x) arbitrarily small by making M 
sufficiently large, as is clear from (10.19). Thus (10.11) becomes 

lim [ t, e 1 "* ff(v)hMj) dy - - f f(y) Sm (N + ~ ^ dy 1 = 0 

A —♦oo L -V r IT J—x X — y 

uniformly in x for | x | ^ 7 r — 5, 5 > 0. From this it follows by well-known 
results of Fourier series that 

lim t /<’»■* f }{y)h,Xy) dy - ’ f/(j/V"’ dy\ = 0. 

A r —-»oo -S t Jr ^7T J—w J 

That the sequence {c ,x, ‘''} is closed L p { — r, i r) follows at once from Theorem 
IV, (3.03). Since {r ,x "‘} is closed, it follows that {^„(j*)} is unique. Thus to 
complete the proof of Theorem XVIII we have only to show that tin* sum- 
mabilily properties of non-harmonic Fourier series are the same as for ordinary 
Fourier series. To show' this requires a slight variation of the* ideas used above. 
We shall take the ease of Ricsz summabilitv of order or How to proceed with 
various other types of summabilitv will be obvious from this. We suppose 
that X 0 7 ^ 0. 

Let Oi represent the rectangle with vertices at ( — iM, N -j ) — iM , 
N + ] + iM, iM) and let C\ be the reflection of (\ in the imaginary axis. Then 
as in ( 10 . 10 ) 


<16 ' 2>) + L <«>'<« - n 0 + .v +i) ®] 


If we now multiply through by f{y) and integrate as in (10.11), w T e have to 
show that the repeated integral analogous to the right side of (10.11) lends 
uniformly to zero as JN —* x if | j-1 — <5. That this is true is clear if w r e 

observe that the integral from f = iM to f = — iM in Ci is cancelled by the 
integral from f = — iM to f = iM in C\ in (10.23) and thus we are really only 



PI lOOF OF THE MAIN THEOREM 


65 


concerned with f as it varies over the sides of the rectangle C in (16.13). This 
we can handle in a manner similar to that used on (16.11). Thus 

jl i />)'-• <r]-° 


uniformly for | x | ^ r — 5 if X 0 ^ 0. 

If Xo = 0 we can modify the contours (\ and T 2 by taking a small semi-circular 
path of radius p around the origin. In this case we have to consider not only 
that part of (16.23) for which f varies over C but also a part involving 

C «oC- 1) [(' - X +1)’ - (' + » +i)1 

where £ = pc' 6 . The fact that 


(' "iv + i)"-(' 


has a zero at f = 0 is what allows us to discard this part of the loft side of (16.23). 

Thus the Hiosz summability of the two series are the same. The same 
method applies to Abel and similar types of summability. 

Proof of Theorem XIX. Here we show that the set 

= n> 0, 


X_ n = -n + — , n > 0, 

2p 

which obviously satisfies (15.05) does not have the properties which we have 
demonstrated in Theorem WITT for sets satisfying (15.03). 

Let q — j)/{p — 1), and lot us consider cos X,q \x. (Nearly forn ^ 1 


Z r L 1 ix/2\ — 

+- -) 

= 2* /e J' e"’ 0 + e'T 11 ’ dx 
= 2 1 " lim I' e'"*(l + re") -1 ' 

r-» I—0 J-r 

= 2 llq lim E /Ci'*) f e ,< " H 

r—* 1—0 *-0 J~w 


But for n ^ l. k ^ 0 the integrals on the right above are all zero. Thus (16.25) 
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vanishes for w £ 1. Since X_* = -Xu, by taking the conjugate of the first 
expansion in (16.25) it is clear that it also vanishes for v ^ —1. Thus 


dx = 0, 


Also since cos %x > 0, | x \ < x, there must exist an a such that 


If p < 2 then q > 2 and 


a £ cos ll9 $xdx — 1. 
i 

| cos~ 1/5 §x | p dx < 


If (15.05) is sufficient for Theorem XVIII, it follows that there must exist 
an ha(x) such that 


£-“*•<*> 2 : 


By Theorem IV, (3.03), it i.> clear that {e* Xn *} given by (16.24) is closed 
//(-*-, x). But by (16.26), (16.27), and (16.29), 


J c lKl {h<)(x) — a cos 1/9 %x\ dx = 0, 


00 <n < 00 . 


Thus ho(x) — a cos 119 $x vanishes almost everywhere, and therefore 
(16.30) h 0 (x) = a cos~ J/9 \x. 

Clearly if 

fO, | X | < $X, 


1(tt - I 4? I) 17 * I log Or - 1*1)1* 


}* < I * | < T, 


then f(x) e 1/ (— x, x). But 

[ ho(x)f(x) dx > a f - 

J-x J r /2 ( 7 r — 

> a f r 

Jr/2 (x — 


• x) llp I log (x - x) I 


x) 1/ff (x — x) llp I log (x — x) 


dx = oo, 


i + i-i. 

V q 

Thus if p < 2 there exist functions /(x) which cannot be expanded into a non¬ 
harmonic Fourier series in the set (10.24). That is, Theorem XVIII is not 
valid for this set. 



117 J 


AN INEQUALITY OF HARDY AND LEVINSON 


67 


In case p = 2 then (16.28) does not hold and ho(x ) must be identified with 
a cos 1/9 \x by a different method. Assuming that (16.24) is sufficient for 
Theorem XVIII in case p = 2 there exists an ha(x) such that if 

j ha(x)e tv>x dx = Ho(w) 

then 

/MO) = 1, #o(X n ) =0, n^O. 

Since X » = — X„ in (10.24), the function %(h n (x) + /i ( >( — j-)) has the same 
orthogonality properties as h 0 (x). Since h(x) is unique, it must therefore be 
even. Thus H 0 (w) is even. Let 

n.)-n 

Since Ih(w) vanishes at all the zeros of F(w), 

II 0 (w ) = <t>(w)F(w ). 


But exactly as in the proof ol Theorem III it can be shown that <t>(w) has no 
zeros. Thus 

H Q (w) = c' w F(w). 


But //o (w) and F{w) are even. Therefore c = 0 and 


If 


Ho(w) = F(w). 


U\{w) = a J c 


1/2 Ixc" 


c dx, 


then by (10.20), IIi(w) vanishes at the zeros of F(w), and, exactly as with 
Ho(w), it follows that 

Th(w) = F{w). 


Thus 


H q (w) = Ih{w). 


But this is possible only if 

ho(x ) = a cos~ 1/2 ]x. 


That is, (16.30) holds for p — 2. The contradiction now follows in the same 
way as for p < 2. 

17. Proof of a related inequality of Hardy and Levinson. A more precise 
inequality than that of Lemma 15.2 has been given. 3 

* Hardy and Levinson, Inequalities satisfied by a certain definite integral, Bulletin of the 
American Mathematical Society, vol. 43 (1937), p. 709. 
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Theorem XXi. Let 


(17.01) 


Then 


0 ^ «1 < (*2 < < 02n+l = 1> 

v (x - Oa)(* - a 4 ) • • • (x - o 2 „) 
(x — ai)(x — a 3 ) • • • (x — a 2 „+i) ’ 

JiO = f \fix)\*dx 

Jo 


r(i + JOrO - 10 ^ /m < 

(1 — t)ir if2 = 


2 l 

1 - t 


with mequality exctpl when 
1 


fix) = 


fix) 


X - 2 
x(x - 1)’ 


Jit) 


Jit) = 


2‘ 

1 - t' 

Til + ]t)ra - 10 


] /emma 17 1 If fix) batisjics (17 01), then 


(17 02) 


(1 - t)x 11 


r F{f(.x)} ,h = r n y )~! 

J—ao J— oo y d 


whcneiu F(ij) i s eie fined fen all mines e)f ij anel eilhei inteejial eiiblb eu> a 1 a In sqm 
integral 

Lemma 17 1 is essentulh tI k same as a tin ok m oi Jlooh 4 
The io aio twootlui definitions of /u) tqimaknt to that of tin illations 
(17 01) In tin fust plan, as wt < muiih .it one« 1>\ icsolvnig/(r) into paitial 
fiat lions, 

(17.03) f(x) = ± 

y=0 X d2p-j 1 

where 

(17 04) a, > 0, 21 

This is tlu foini which we shall guieialh ust luie Secondly 


gix) = 


1 

m 


X 


-E 


»i—o 


Pr_ 

x — a 2 „ 


where 0, > 0 If we write ]/y foi y md (i(y) foi F(]/y), tin n (17 02) becomes 


4 G Book, On the eompurison oj transcendents, with certain applications to tin theory of 
definite mteqrals, Philosophical 1 laiib.utions of the Royal Society, vol 147 (1857), pp 
745 803, in particular page 780 
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U7 1 


G{g(x) \ dx = £ Cr(y) cfy, 

which is Boole’s formula. 

To prove Lemma 17.1 we observe that, after (17.03) and (17.04), the graph 
of f(x) consists of n + 2 descending pieces corresponding to the intervals 
(--oo, ai), (fli, o 3 ), • • • , (aarH i, 00 ), the corresponding intervals of variation of 
f(x) being (0, — <»), (<*, — »), ... , ( <x> f 0); and that, when x moves from — « 
to <*>, f(x) moves, in all, n -f 1 times over the same range. The line/(:r) = y 
cuts the graph of f(x) in n -f 1 points Xi, x t , • • • , x n +i ,* and 

[[nv)dx = l J(y)P(y)^, 

where 



Wc have to prove that 

P(y) - i. 


It follows from considering y — f(r) that 

(17.05) y II Or - au+i) ~ Z) II ~ « 2 m+i) = y II Or - **)> 

v v (if*? v 

where 1 y on the right side comes from comparing the coefficients of x n on each 
side of the equation. lienee, first, equating the coefficients of x n 1 in (17.05) 
and using (17.04), wc have 

(17.06) £ *. - £ <w, = V . 

Next (17.00) is an identity in y when x?(y) is substituted for x y . lienee, differ¬ 
entiating this we obtain 

dXy _ 1 

^dy ~ ~y 2 ' 

It follows that l J (y) = 1. This completes the proof of the lemma. 

In what follows it is convenient to symmetrize our analysis about the origin, 
which we can do by writing x — \ for x. We have then 

f l/2 

\f(x)\‘dx, /(*)=£ ’ , a. >0, £a. = 1, 

1/2 X — a2r-l 

(17.08) £ a, < a s < ■ ■ ■ < a, n+1 £ 

Lemma 17.2. If }(x) satisfies (17.07) and (17.08), then 

(17.09) JO) = j t t ~C { if(x) l‘ + I A-x) l‘ - l}dx. 
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Proof of Lemma 17.2. Suppose that e is small and positive and that £ and rj 
are the largest and smallest roots of f{x) = e and f(x) = — t respectively. Then 
£ > \ and 17 < Also 

1 < y °L' = € < 1 , 

£ + $ £ Ojr+l £ $ 


t z t z 


(17.10) £ = - + 0(1), 

where the O refers to the limit process e —> 0. Similarly 

(17.11) ,= -1+0(1). 

Define /« by the lelations 

/, = /, (l/l 6 0; /. = o, (i/| < «>. 

Then, by Lemma 17.1 

|/.l*«fcr — 2 JT" |v|* ’dy = f_' t . 

Hence 

/ 1 12 r l /2 

\f\ l dx = lim / |/« \ l dx 

1/2 i -*0 J —1/2 

(o ‘~ l / ft r J / 2 

= ^{i- t -{L m,dx+ L l/|,<fa )}- 


/w = r- + o(x- 2 ), i/w r = i * r + od x r-) 


for large x. Hence by (17.10) 

i>' dl = ii t {C + 0(1) 


+ 0 («') = 0 ( e '), 


and we may replace £ by ]/« in (17.12). Similarly we may replace 77 by — 1/c. 
Hence 

J«) = lim f - f" (|/(x) |‘ + |/(-x) |'| dx) 

- 'is {r-'i - 2 C * ~ C {>'<*> f + w-*>'' - ?}*}• 


which is (17.09). 
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Lemma 17.3. If | x | > \ then 

*(*) = l/tol‘ + 

is (for every x) least and greatest when f(x) is \/x and x/(x 2 — 1) respectively. 

Proof of Lemma 17.3. We may suppose x > \. We consider the pole A of 
f(x) nearest to an end of (—J, £). If we suppose, for example, that A > 0, 
then A = oj n +i. If 


f = 



t' = _ 

* x + a’ 


1 

x — A’ 


then all these numbers are positive and 


w' = „ 

x + A' 


(17-13) | > * a i 

for any positive pole a other than A. If 

*U) = *(*) = |/(x) |' + | /(-*) l‘ = (Z x I J + (£ I “ J. 

then 


1 #U) 

* dA 




where A is the a corresponding to A . This will be positive if 



and this is true on account of (17.13). 

Hence we decrease <f>(x ) by moving A to the left, to the next pole, or to the 
origin if there is no other positive pole. Similarly, if A were negative, we 
should decrease <t>(x) by moving A to the right. It follows by repetition of the 
argument that 0 (x) is least when all the a’s coincide at the origin, and/(x) = \(x. 

Similarly <f>(x) is greatest when all the a’s are at one of the ends of ( — J, |). 
In this case 


f ( x ) = a +1- “ = x rJ 

JW *-i x+* *?-i’ 

where 0 = a — 0 £ a £ 1, | 0 | Finally 

| a: — 0 |* + | x + 0 |* <21*1* 

if | x | > 5 , 0 9 ^ 0 , so that the true maximum of <j>(x) occurs when 


Proof of Theorem XXI. We take the interval as (—J, $) so that the two 
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critical functions arc 


/»M = 


1 

x 9 


Mx) = 


X 

**-T 


It follows from (17.09) and Lemma 17.3 that 


AO z 


2 1 

1 - t } 


with inequality unless / = /i. Also 




dx 


= rd/.wi , +i/.(-rti , -i/(*)i < 

•0/2 




by (17.09), and the last integral is positive, by Lemma 17.3, unless / = / 2 . 
Finally 



= f 


dx 


r(i + J<)r(i - 50 

(i - ’ 


by an elementary calculation. 



CHAPTER V 

FOURIER TRANSFORMS OF NONVANISHINO FUNCTIONS 1 

18. Introduction. If a function fix') eL(-ir, ir) and if it has a Fourier 
series 

/(*) ~ Z a„e™ 

0 

that is, if 

— 0, n ~ 1, 2, • • • , 

then, obviously, f(x) is the boundary function of a function analytic in the unit 
circle, and, being such a boundary function, f(x) cannot be equivalent to zero 
over any interval, no matter how .small, unless/( t) is equivalent to zero in the 
whole interval ( — v, v). 

'Phis result can be immediately generalized to the case where 
fix) ~ Z a n e"‘ 

with 

a_„ = 0(c~ in ), n— >oo, 

for some 5 > 0. For in this case f{x) is the boundary function of 

oo 

g(w) = 22 anW n , 

—00 

which is clearly analytic in the ring e * < | w | < 1; and therefore again f{x) 
cannot be equivalent to zero over any interval without being entirely equiva¬ 
lent to zero. 

Suppose that we have a function f(x) whose Fourier coefficients do not satisfy 
any condition of the form a u = 0(c~ in ) or a_„ = 0(e~ in ). Then /( x) is no 
longer the boundary function of an analytic function. The question now arises 
whether or not we can find conditions under which such fix) have the property 
of vanishing completely if they vanish over any interval. That we can follows 
from results of Chapter II. For example, a much simpler result than Theorem 
XII and an immediate consequence of it is: If f(x) tL{ — i r, 7r) and has the 
Fourier series 



1 This chapter is not on gap or density theorems hut is related to these. Moreover the 
results of this chapter are necessary for later use. 
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where 

o_ n = 0(e HKn) ) l oo, 

for an increasing function 6(u) such that 

f e(< ~2 du = 00 , 

J1 u 2 

then /(x) cannot vanish over any interval unless it vanishes over ( —x, tt). 
There is an analogous result in Fourier transforms. 

Theorem XXII. 2 Let F(u) e L(— °°) o/w2 ZeZ 

(18.01) F{u) = 0(e~* (tt) ), oo, 

icAm 1 0(n) is a positive increasing function such that 

(18.02) V <*“=”• 

l 1 henf(x) i the Fourier transform of F(u), cannot vanish over any interval unless it 
is identically zero. 

Condition (18.01) is a one-sided condition. The theorem would of course 
be true if (18.01) held for u < 0 instead of for u > 0. 

The condition (18.01) certainly will be satisfied if 

(18.03) F(u) = U(e~“), u> 0, 

for some 5 > 0. In this case we can obtain the result of Theorem XXII quite 
easily. Let z — x •+■ and let 

/(*) = 2 J F(u)e~'“di(, 0 s y < S. 

Clearly by (18.03) 

I/Wl s ( 2,Vfj F( “ )|e ’' du+ dyd' e '“ 0{e ~“ )du - 

Thus f(z) exists for 0 ^ y < 5. Similarly /' (z) exists for 0 < y < 6 and there¬ 
fore f(z) is analytic in the strip (0 < y < S, — <* <x< °o). Thus/(x) is 
either analytic or at least takes the boundary value of an analytic function. 
Therefore, by well-known results in function theory it cannot vanish over any 
interval unless it vanishes identically. 

In this sense Theorem XXII is an extension of the fact that an analytic 
function, not identically zero, with (—«, oo) as a boundary cannot vanish 
over any interval of (—<», »). The relationship with the general class of 

2 Cf. N. Levinson, On a class of non-vanishing functions , Proceedings of the London 
Mathematical Society, vol. 41 (1936), p. 393. 
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functions which arc analytic in part of the half-plane above the boundary 
(— 00 , oo) is given by the following theorem. 

Theorem XXIII. 3 Let F(u) satisfy the requirements of Theorem XXII. Its 
Fourier transform 

(18.04) /Or) = ( -i )1/8 £ FMe—du. 

Let g(z ) he analytic for (a ^ x £ b, 0 < y ^ y) and continuous in (a g x ^ b, 
0 & y £ y). Suppose f(x) — g(x) for a<a£x£p<b. Thcnf(x ) = g(x) 
for a S x £ b. 

Theorem XXII is a special case of Theorem XXIII with g(z) = 0. Thus it 
will suffice to prove Theorem XXIII. Another special case of Theorem XXIII 
which is useful for subsequent application is the following result. 

Theorem XXIV. Let F(u) satisfy the requirements of Theorem XXII. Then 
if f(x), the Fourier transform of F(u), coincides with an analytic function over some 
interval it coincides with the analytic function over its entire interval of analyticity 
on the x axis. 


The condition (18.01) can be considerably weakened. The condition 
F(u ) e L( — oo, oo) can also be considerably modified without otherwise affecting 
those theorems. This is done in Theorems XXVII and XXVIII. 

19. Proof of the basic theorem. In proving Theorem XXIII we shall re¬ 
quire several lemmas. 


Lemma 19.1. If 6(u) is a positive increasing function of u and if 


(19.01) 

^ log (e u + r 

then 


(19.02) 

r e{u) 
i 1 u 2 ( 


du < oo. 


Proof of Lemma 19.1. Let the set of intervals over which 6{u) > a be de¬ 
noted by E. Then by (19.01) 


[ log e u ~ + f log e"’ 
Jr U 2 Jew) 


\ du 


> -oo, 


where C(E) is the set of points complementary to E in (1, »). From this it 
follows at once that 


(19.03) / T < °°- 

Jh u 

* Cf. N. Levinson, A theorem relating non-vanishing and analytic functions, Journal of 
Mathematics and Physics, vol. 16 (1938), p. 186. 
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(19.04) f 9 -^du < oo. 

Jc(K) V? 

Let the intervals of E be denoted by {a n , b n \. From the definition of E as the 
intervals where 0(u) > u it follows that 


Thus 


e(u) £ b n , 


(19.05) / du £ £<"> r b -2 du = £<“> ( K 

J K U 2 ^ J an U 2 \O n 

From (19.03), 


(19.06) 

But (19.06) implies that 


Thus (19.05) gives 


Z W log^< 00. 
a H 

£'"(!:-•)<* 


a» < u < b n . 


■)- 


This and (19.04) give (19.02). 

Lemma 19.2. 7/g(z) as analytic m (0 g .r g 1 , 0 < y ^ 7 < » aw/ c<m- 
tinuous for (0 ^ ^ 1 , 0 ^ y 7 ), and z/ 

(19.07) J,(«) = ( (f r ^)“ («* - 1) 2 0 - it, 

then 


( 19 - 08 ) I J\(u) I ^ 10 V 7tt/2 max | gr(z) |, ?/ > (), 

w/ierc in max | fif(z) [, z ranges over (0 ^ x < 1 , 0 ^ y ^ £ 7 ). 

Proof of Lemma 19.2. Using the Cauchy integral theorem in (19.07) we take 
instead of the path (z = x, 0 ^ j ^ 1 ) the path made up of the arms of an 
isosceles triangle (z = x + iyx , 0 £ .r ^ £) and (z = ^ + * 7(1 - *)» a £ 3 1 ). 

Thus 


/• 1/2 

•«“) = (1 + n) l ( e »«<'■»> _ ir « (f _ + iyx)dx 

(19.09) r 1 

+ (1 - ty) / (e * f,7(1 *> - i)'" 42 ( e _ 

• 1/2 1 


•g(x + 17(1 — x))dx. 



PROOF OF THE BASIC THEOREM 


Clearly, for 0 £ x ^ \ 


( e *a + n) _ ]\ 

\e — e x(l+ty) ) 


am (c' y ' - e *) - am (e 1 '* - c+*) 


tan" 1 8m7 * _ + tan~ 1 f _ sm ^ 


c l ~ x — cos yj 


But for 0 ^ a- fg } 


^ tan 1 Sin7X . 
cos yx — c~* 


x cos yx — c T , 


since this inequality holds for / = 0 and 

f- (a; — cos yx + e~ x ) = 1 + 7 sin yx — r~* a£ 0 
ax 

for 0 <7 < lir, 0 ^ x ^ 2 - Thus (19.10) becomes 


/c x{H ' y) -l\ . . i sin 7 

i( ... , U tan 

\c — c*a+*y >/ z 


atan _ l 8 inW ) os 

= tan -1 (2 cos ^7 tan £7) 

^ Ian 1 tan ^ > Ian 1 (tail I 7 ) = )y. 


0 ^ x g i, 


Thus for m > 0, 

r m / /(IU7) ,\t« I 

(l + ^ j[ C - e»u+w) - 0 J (« - c'“""y 9 (x + Sy*)dx I 

^ 7r2(- 7 “ /2 (2t) 4 max | fif(c) | ^ 2 n c~ ywU max | g{z) |. 

In precisely the same manner this holds for the second integral on the right of 
(19.09). Thus 

i ./lOO | ^ 2 14 ( 7M/2 max I g{z) |, u > 0. 

This completes the proof of the lemma. 

Lemma 19.3. Let 

(19.11) Mu, v) = f (<•* - l)*“ ,2 (c - e x ) " n e-"‘dx. 


Theft for u > 0 and any 7 such that 0 < 7 < 4» 
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(19.12) 

| J,(u, v)\ g 10V ,< “ 

v > 0, 

(19.13) 

| J,(«,..) | < 10V yun , 

v < 0. 

Also there exists a constant C such that 


(19.14) 

|da(u, »)| < C j + “ . 



Proof of Limma 19.3. If in Lemma 19.2 we set g(z) = e then, for 
0 S y S h, 

| S e”' 2 , e > 0, 

| | S i, e < 0. 

Thus (19.12) and (19.13) follow from Lemma 19.2. By (19.11), 

(19.15) | J,(u, v ) | S e\ 

For | v | > 1, if we integrate' (19.11) by parts twice, each time integrating the 
term e tvI and differentiating the other terms, (19.14) follows at once. That 
(19.14) is also true if | v | ^ 1 is clear from (19.15). 

We can now prove Theorem XXIII. 

Proof of Theorem XXIII. We shall prove that f(x) = y(x) for ft ^ x ^ h. 
That this is true for a ^ rr ^ a follows in exactly the same way. This ease can 
also be reduced to the first by considering /( — j) and g( — x). Thun it suffices 
to prove the result only for ft £ i £ h. 

With no restriction we can assume a - 0 and 6 = 1 . (Then 0 < /? < 1 .) 
A simple linear transformation of variables reduces all eases to this one. Thus 
in what follows a = 0 and 6 = 1 . Our hypothesis now is that f(x) = g(x), 
(0 ^ x ^ 0 ), where 0 < ft < 1 , and we shall prove that f{x) = ^(.r), (0 ^ x ^ 1 ). 
Let 

(19.16) h(w) = f | f{x) - g(x))(c* - lf"”(* - C y-'"dx. 

Jo 

But f{x) = g(x ), 0 ^ x ^ £. Thus 

h(w) = f { f(x) - g(x)}(e x - l) u ""(c - e x f ' w dx. 

If w = it + iv , then, for v > 0 , h(w) is analytic and, for c ^ 0 , h(w) is continuous. 
Also, for v ^ 0 

I h(w) | ^ {/ - l) -r (e - /)V f \f(x) - g{x) | dx . 

Jp 



If B is defined by 
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then 

(19.17) | h(w) | £ Ae Hv , v £ 0, 

where A will be used to represent any constant depending only on f(x) and g(z). 
From (19.16) and the definition of 

h(u) = -JM + ff(x)(e* - l) 2+, “(e - e^dx. 

J o 

Using the definition of f(x), 

h(u) = -Mu) + jf (e* - l) SH “( f - e’r'“ ~ yn £ F(y)e~""dy. 

From the definition of J 2 (u, v), 

( 19 . 18 ) h(u) = - Ji(u) +■ 72 »)i/ 2 / F (y)J*( u >y)dy- 

Clearly 

(19.19) j J F(y)J 2 (u, y) dy j ^ ^ J + / ^ | F(y)J 2 (u, y) | dy. 

From Lemma 19.3 

| J t (u, y) | ^ \Q b e~ yul \ y < \u, u > 0. 

Using this and (19.14), (19.19) gives 

[ F(y)J t (u, y) dy ^ Ae ~ yul4 + An 1 f ^ dy . 

J-00 I ^u/2 JP 

Recalling that | Ji(v) | ^ Ac yul2 r (u > 0), (19.18) and the above inequality 
give 

(19.20) | h(u) ISAu 2 + £ 1 1 dy'), v > 1. 

But F(y) = 0(e -,<1 ' 1 ), ( 1 / -* <*). Thiu, 

(19.21) | M«) | S Au\e wli + c~ ,MV ), u > 1. 

Or 

£ log | Mm) I J S A + £ log (<T W * + C ,( “' ^, ) J. 

By Lemma 19.1 since JT 0 (|u)a~ 2 du = <*>, 

r iog(^“' , + e - ,< “ ,2, )^= 


Thus 
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(19.22) 


/ log I M«) I = 

*1 U 


We now uso an argument already list'd previously. Let us assume that h(w) 
is not identically zero. Then by using Carleman\s theorem, Theorem B, on 
h(ir) in the upper half-plane it follows that 

»<i(L +/*)'-« i * ( ») i 

+ 1 [ log | h(iy*) | sin ddQ + A. 

7Tit Jo 


Or 


-l log | AM | + /„)><*' I 


*00 


du 


+ l flog' |«/fr’ # )|<« + ,4. 

But | A (it) | ^ .lr"", (|i'| ^ 0). Using this gives 

“ I l«g'l*(«)l(},- / t)rftt<M 


i«**i*mi* <it. 

Since 4 is independent ot ft, it follows that 

(19.23) - flog |»(u)|-' < ». 

j 1 IT 

But this contradicts (19.22). Thus h{w) a 0, and therefore 

(19.24) jT (/(a-) - ff (r)) (f (<■' - 1) 2 (<- - <•’)%/* = 0. 

If wc now set 


e* - 1 
e — e* 


then the interval (0 < j* < 1) maps over to the interval (— « < / < oc), and 

(19.24) becomes the Fourier transform of an integrablo function. But only a 
function equivalent to zero can have a Fourier transform that vanishes identi¬ 
cally. This means that the function obtained by mapping/(a*) — g(x) on the 
interval (— * < t C «) vanishes almost everywhere. Thus f(x) — g(x) 
vanishes almost every where on (0, 1). But this proves our theorem since both 
functions are continuous. 
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For the next section the following theorem is necessary. 

Theorem XXV. Theorem XXIII (and therefore also XXII) remains true if 

(19 - 25) f = -» 

replaces conditions (18.01) and (18.02). 

Theorem XXV includes Theorem XXIII, for if F(y) = 0(c Hv) ) where 6(u) 
satisfies (18.02) then 

(19.26) jf | F(y) |*-0 (r ,<u) J~ = 0(e^ ( "). 

By (18.02) this leads to (19.25). 

Proof of Theorem XXV. The proof follows that of Theorem XXIII with 
only one difference, which wo shall point out. Here we define 

(19.27) 0(u) = -h>g /"|F(y)|^f. 

Ju y L 

By (19.25) 



Also 6(u) is monotone increasing;. To go from (19.20) to (19.21) in the proof 
of Theorem XXIII w r ith 8{u) defined as in (19.27), wo use (19.27) instead of 
F(y) = ()(<> 6{v) ). Otherwise the proofs art* identical. 

20. Proofs of related theorems. The following theorem servos two purposes. 
It shows that the results of this chapter are best possible and it is necessary for 
subsequent results. 

Theorem XXVI. 4 JjcI <t>(u) be an even and a positive increasing function of 

\u\. If 

(20.01) [ du < oo, 

vr 

then given any xq > 0 there (xisls an entire function //(«’)> tl °t equivalent to zero, 
such that 

-*<«*) 

(20.02) |//Ml ^ j + 

aiul such that the Fourier transform of H(w), h(x), vanishes outside of \ x\ ^ x 0 
and h( 0) 0. 

This theorem shows that condition (18.02) is best possible, since H(u) wdiieh 
4 This result, is essentially due to Paley and Wiener, loc. fit., chap. 1. 
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satisfies (20.01) and (20.02) has a transform that not only vanishes over an 
interval but over all except a finite part of the line. 

Proof of Theorem XXVI. Let 

(20.03) d>i(u) = 4>{2n) + log (100 + 100w 4 ). 


Then 4n(w) is monotone increasing for u 
(20.04) a (u t v) = J^ -- 


> 0. Let 
(v +j)tf>l(£) jy 

-e 2 + (^ + i) 2 ^' 


Since tfu(£) ^ 0, 


Since 


<r(u, V) ^ 0, 


V > - 1 . 


V + 1 


= 91 


(u - i) 2 4- (v + l) 2 ' w - £ + V 


it follows that n(v, v ) is a harmonic function for v > — 1. Since <f>i(u) is increas¬ 
ing and positive, 


«r(«f, v) £ f 
J\U 


4 > i(|)v® + l) 


m (I“w I — £) 2 4* (v + 1) : 
i«i (£ 




- * iM L \« - 1 « i ) 2 + (p+1 r di 2 * ,(u) ■ 


Thus 


a(?/, y) > ^i(m). 


Let r(u, y) be a conjugate function to <r(u, v) in the half-plane v >— 1. 
Since <r(u, v) + v) is analytic for v > —1, 


Hi(w) = 


p— tr(u,v) 

(w + i ) 2 


is unalylic in the half-plum* v > —1. Since a(u, v ) is positive, 


(20.05) 


ItfiMI S 


| w + i I 1 


1 + 1 


Also since <r(u, v) > <t>i(u) 


Using (20.03) 
(20.06) 


| //,(«!) | g , ♦><*>, 


| Hi(w) | 


e -*u»> 

- 100(1 + t?) ■ 


v £ 0. 


v ^ 0. 


Let 
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For x < 0, the path of integration on the right can be cloned in the upper half¬ 
plane since by (20.05) 


s .Ti.-r 

But the integral of an analytic function around a closed contour is zero. Thus 


hi(x) = 0, x < 0. 

Since H x (u) is not identically zero, h x (x) cannot vanish identically. Since 
I H x (u) | < 1/(1 4- w 4 ), h x (x) is continuous. Thus there must be a point x x > 0 
such that h x (x x ) 0 but such that h{x) = {), x S x x — xo Let h 2 (x) = h x (x + 
x x ). Then 


h 2 (0) 7* 0; h 2 (x) = 0, (x ^ —xq). 

If 

(20.07) II 2 (w) = H x (w)r tu,Xl , 

then 


b*(x) - h x {x + x x ) = 


(4« 


That is, ff 2 (u) is the Fourier transform of h 2 (x). 
Let 


Then 


h{x) = h 2 (x)h 2 (-x). 


h( 0)^0; h(x) = 0, (| a-1 £ x 0 ). 


Since II 2 ( — u ) must be the transform of h 2 ( — x), 

h(x) = I r H,(«)«-“rftt f° Il,(-v)e-"‘<lv. 

ZlT J—00 j—00 


Let v — t — u. Then 


dt 


m = 2~iL du L IU(u ~ t)e 

= i- f“ e~ Uz dt [ H 2 (u)H t (u - t)du. 
2 * JLoo Loo 
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Thus the Fourier transform of h(x) is 

//(«) = (2 J )1/a /[«.(£)//.({ - <•)*. 

From this, (20.00), and (20.07), it follows that (here exists for v ^ 0 

HM = (2 

For r ^ 0, transforming the variable of integration, 

//(«>) = (2 ly*C m + 

Thus for a ^ 0, 

| //*(€ + M») I max |7/ a ft)|d* 

■ao iC~ u l 2 

+ f I Haft) I max | // 2 ft + m») | 


By (20.00) and (20.07) this becomes 
* I S 100(1 + «Vi6) J.„ 100(1 + {*) + 

M*i—*(u) 

< _ _ 

= 50 + 2u‘ ’ 


( vxi—6(u) -« 

100(1 + j/ 4 /1G) J « 


dt 

100(1 + « 


o. 


Similarly this holds foi v ^ 0. Thus 


(20.08) |//Mi 3 . T . 


(20.02) follows for e = 0. (Actually (20.08) is not needed here but will be used 
in a later chapter.) Since h(x) vanishes outside 1 of a finite interval, its Fourier 
transform must be an entire 1 function. This completes the proof of the theorem. 

In Theorems XXIII and XXV (and therefore also XXII and XXIV), the 
conditions on F(u) can be considerably relaxed. In the first place, as u —* qc the 
fact that F{u) must be small can be put in a less restrictive form than (18.01) 
and (18.02) or than (19.25). Secondly, for u < 0 not only does F(u) not have 
to belong to L( — qc , 0) but F(u) can behave like e lw ’ 1/2 for example 1 as n —> — ». 
The following theorem is an extension of Theorem XXII along these lines. 

Theohem XXVII. Let e~ ,M F(u) e L{~ co, qc ) for any e > 0, and let there 
exist an even positive function <t>(u) } increasing with | u \ and such that 

I „ du < oo. 

J 1 u 2 


Let 
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(20.09) ljm\e-«"du< 

and let 

(20.10) J“ ^ log f“ | F(u) dv = - «. 

If for some a and b, (b > a), 

(20.11) lira f I r h\u)e ‘'“'-“dw I dx = 0, 

«—*0 Ja I J— oo I 

then F(u) is zero almost everywhere over (— oo, oo). 

We observe that (20.11) is a generalization of the requirement that the trans¬ 
form of F(u) vanish over an inteival (a, b). Inequality (20.09) is certainly 

satisfied if F(u) «//, p 1, or if F{u) = 0(| u I" 1 ) or 0(c |w|1/2 ) as u —> — ». 

Equation (21.10) is a much weakoi requirement than (18.01) and (18.02). 

The following theorem generalizes Theorem XXIII (and XXV) in the same 
way that Theorem XXVII generalizes Theorem XXII. 

Theohem XXVIII. Let F(u) satisfy the reqvirements of Theorem XXVII. 
Let g(z) be analytic m (a £ x £ b, Q < y £ y) and continuous in (a ^ x ^ />, 

0 ^ y S y). Let there exist an f(x) such that 

(20.12) lim jT j/fcr) - J £ F(u) e -' M -"’du\dx = 0. 

If f(x) = g(x) almost everywhere m (a < a ^ x ^ p < b) t then f(x) must equal 
g(x) almost everywhere in (a < x < b)* 

Proof of Theorem XXVII. Let 0 < j*o < 1 (b — a) By Theorem XXVI 
there exists an h(x) which vanishes for \ x\ > -r 0 and with Fourier transform 
II(u) satisfying 

-♦<«) 

(20.13) \II(u)\ Z 6 

\ ~T U 

where <f>(u) is given in Theorem XX Vll. Let 
Fi(u) = F(u)H (u). 

Then by (20.13) and (20.09), F,{u) t L{- * , 0). Again, by (20.10) 
f° I F(») dv < «. 

6 The condition that g(z) be continuous for (a £ x ^ b, 0 £ y £ 7 ) can be replaced by 
| g(x + iy) — g(x) | dx -* 0 as y -» +0. 
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Thus Fi(ii)eL( 2, Since F(u) is integrate over (0, 2), we now have 

FMtLi- *, *). Again by (20.13), 

f I F ’,(») | * S r I I * s f I*'« K*‘” *• 

J u V* "w "u 

Tims by (20.10) 

l $ iog L i^wij=—• 

Thus *'i(u) satisfies the requirements of Theorem XXV. 

Let the Fourier transform of F\(u) be 

= lim J.,_ f m F M H(u)e- — d u 

e—o \ZTry ,£ J -oo 

= lim J f F(»F'“ H " r HiV ul ><l 

t —*0 ^7T <L go J—tq 

Since c <|u| F(n) eL(— *>, «), it follows that 

(20.14) /.Or) = lim i f° Hi) di f f rf«. 

<—•00 Z7T J- Xq J—go 

By (20.11) this gives 

fi{x) =0, a + x Q < x < b - Tq. 

Since Fi(u) satisfies Theorem XXV, it follows that fi(x) ss 0, (— » < x < <*). 
Thus its transform, Fj(m) = H{n)F{u), must be zero almost everywhere. 
Since H{u ) is an entire function, it vanishes only at isolated points. Thus 
F(u) is zero almost everywhere. This completes the proof of Theorem XXVII. 

Proof of Theorem XXVIII. Let 0 < j 0 < {(0 — a). Since </>(2w) satisfies 
the requirements of Theorem XXVI if <f>{u) does, there exists ff(u) satisfying 

-*(2u) 

(20.15) | H{v) I S f , . 

1 ■+* u* 

and such that h(x), its transform, vanishes for | x | ^ a*o. Proceeding exactly 
as in the proof of Theorem XXVII, we obtain (20.14). From (20.14) and 
(20.12), 

(20.16) fi(x) = [ h(£)f(x — £) r/£, a -f x 0 < x < b — x 0 . 

J ~ x 0 

We recall that Fi(u), the transform of fi{x), has been shown to satisfy the re¬ 
quirements of Theorem XXV. Let 
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l 20 ) 

(20-17) g,(z) = f ° h(i)g(z - {) d(. 

J-as 0 

Then g x {z) is analytic for (a + x 0 < x < b - x 0 , 0 < y < y). Thus gi(z) 
satisfies the requirements of Theorem XXV. Also by (20.16) and (20.17) and 
the fact that f{x) — g(x) almost everywhere in (a, /3), it follows that f x (x) = 
gi(x), (a + xo < x < 0 - T 0 ). Thus by Theorem XXV, 

fi(x) = gi(x), a 4- x 0 < x < b — Xq. 

That is, 

(20.18) f h(£) { f{x — £) — g(x — {)) d£ = 0, a + Xo < x < b — ar 0 . 

J-x 0 

But (20.18) will also hold with h(£)e”* instead of /?(£) since the transform of 
this function is H{u -f v), which for any fixed v can be used just as well as H(u) 
itself in obtaining the above results, providing we can show for any fixed v that 

(20.19) II (u + iv) = 0(e + {u) ), | u | —> oo, 

But it was just to assure this result that we use <t>(2u) in (20.15) rather than 
simply </»(w) itself, since as | u | gets large 2 | u | — 2 | v | soon exceeds | u | in 
magnitude. Thus for large | v | and fixed v, <t>{2a -f 2v) > <f>(u). From this and 
(20.15), (20.19) follows. Thus instead of (20.18) we now have, for all v, 

f h(£){f(x - £) - g(x - £)) e lvi d£ = 0, a + xq < x <b - xq. 

J-Xq 

Thus for almost all €,1^1 < xo , 

(20.20) h(()lf(x - t) - g(x - = 0, a + xo < x <b - xo. 

But h(0) t* 0 and h(£) is continuous. Thus there exists a 5, 0 < 5 < Xq , such 
that h(£) t* 0, | £ | ^ 6 . Thus (20.20) gives for almost all £, | £ | £ 8 < Xo , 

f{x - i) = 9(x - Z), a + xo < x < b - x 0 . 

From this it follows at once that f(x) = g(x) for almost all x, (a + xo < x < b — 
x 0 ). Since x 0 can be chosen arbitrarily small, it follows that f(x) — g(x) for 
almost all x, a < x < b. This completes the proof of Theorem XXVIII. 



CHAPTER VI 

A DENSITY THEOREM OF POLYA 


21. The density theorem. In this chapter wo shall prove what might be 
called the classical density theorem although the theorem started as a gap 
result. 

If a sufficient number of the coefficients of a power series are zero, every point 
on its circle of convergence is a singular point. This was first proved by Hada- 
mard for the power series 

1 0 .^ 

n-0 

where 


Xn+lAn ^ c > 1. 

An example of such a series is 


Hz) 



The points 

\k/ 2 m J, 0 < k < 2'\ m = 1, 2, • • • , 

are everywhere dense on (0, 1). Let us consider the series F{z) as z —> ( ‘ ir ' klvn 
along a radius from z = 0. Clearly here lim | F{z) | = <*. Since this is the 
case for an everywhere dense set of points on the unit circle, the unit circle is 
a natural boundary for F(z). 

This result has been extended and improved considerably. Let us consider 
the following series: 


fiz) = Z a„e”\ 

n-0 

/(z) must possess at least one singular point on its circle of convergence. Let 
lliis point be z 0 . Then the points 2 0 c 2t,/3 and z 0 e 4,r,/3 must also be singular 
points. Thus if X, t = 3 n,f(z) will have at least one singular point on every arc 
on its circle of convergence of circular measure exceeding 2ir/3. This result 
remains true if X» = 3n is replaced by the much less restrictive condition 


This follows from the following theorem which is stated for Diriehlet series and 
therefore includes power series as a special case. 
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Theorem XXIX. 1 Let 

(21.01) /(*) = £ o„ e - k - 

n—1 

where 


(21.02) ii m 1 = £» 

n-*«o A n 

one? /or some c > 0 

(21.03) X, 1+1 - X n ^ c. 

Then on the abscissa of convergi nee then is at least one singularity in every interval 
of length exceeding 2 rrD. 

In particular if D =* 0, the ab.sciH.sa of convergence is a natural boundary. 
Theorems involving a sequence |X n } of density D arc very often proved by 
using the entire function 


In other words an important way to make use of the properties of |X„) is by 
means of the corresponding properties of F{z). For example n/\ n —» D implies 
that 


lim 

!»!-*» 


log F(iy) n 

i»r 


In certain respects this last result is a much easier one to make use of than 
n/X„ —> D. Thus the proof of Theorem XXIX makes use of the following 
theorem. 


Theorem XXX. 2 If |A„) satisfies (21.02) ami (21.03) arid if 

(2i.o4) w = n(i-j), 


then as r —* », for c > 0 

(21.05) . Fixe' 9 ) = 0(exp {icDr | sin 6 | + <r}), 

(21.06) F(re**) = °^ exp ® ~ rDr I sin 9 I + I re * X " I - i c » 

1 Pdlya, lUber die Existent unendlich vieler singularer Punkte auf der Konvergenzgeraden 
gemsser Dinchletscher Reihen, Sitzungsberichte der Preussischen Akademie der Wissen- 

schaften, 1923, pp. 46-60. , 

* F. Carlson, Vber Potemreihen nut endltch vielen vtrschicdenen Koejfitienten, Matnema- 

tische Annalen, vol. 79 (1919), pp. 237-246. 
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and as 3 n —> « 

(21.07) ^ K) = <Ke*l. 

Theorem XXX will be a corollary of a more general theorem, whose proof will 
follow that of Theorem XXIX. 

Proof of Theorem XXIX. With nt) loss of generality we can assume that the 
abscissa of convergence of f(z) is x = 0. If there exists an interval of length 
greater than 2 irD on x = 0 on which f(z) has no singularity, we can also assume 
with no loss of generality that this interval i s —B ^ y ^ B where 

B > 7 rD. 

If/(z) contains no singularity on x = 0, | y | ^ B, then then* exists some a > 0 
such that f{z) is analytic for x ^ — a, | y | ^ B. 

Let 4 

H(w) = J f(z)c vx dz. 

Then if w = u + iv, II(u) is defined for u < 0. By the Cauchy integral theorem, 
we can change the path of integration to give 

/ — a4*B /.oo4» B 

f(z)e us dz + / f(z)r dz. 

a J-a+Ul 

The path in the second integral is along the line y — iB from x — -ato / = <*.. 
Let 6 > 0. Then 

H(w) = f f(z)e" x dz -f f f(z)e v ' dz + f e vx (^a k c dz. 

J -a *b+tH \ 1 / 

The condition liin n/\„ = D causes the Diriehlet series for f(z) to converge 
absolutely for x > 0 just as is the case with power series. Thus 

/ —«*+»£ ill oo (w— 

f(zV“ dz + / /(*)<-“ dz - £ o* * , . 

a J-o+tB 1 W — \* 

But now H(w) is defined for all w. If F(iv) is defined as in Theorem XXX, then 
by (21.08) 

G (tv) = H (w)F(w) 

is an entire function, and 

(21.09) G(\ n ) = - a n F'(\„). 

By (21.08) if w — pc’ 7 , 0 < y < then 

8 It is possible to replace (21.03) in Theorems XXI\ and XXX by less restrictive con¬ 
ditions. What is essential is that these conditions imply (21.07). 

* The function H(w) is used by V. Pernstein, Shies dc Diriehlet, Paris, 1933, p. 111. 



l 21 l THK 11KX8ITY THKOItKM 91 

I II(pe ty ) | ^ exp {-op cos 7 } J* I f(z) dz | 

»b+iB 

+ exp {bp cos y — Bp&in y\ | f(z) dz | 

J-a+iB 

oo | | —6Xfc 

+ exp {bp cos y — Bp sin 7 ) £ * [ -. 

1 b sin 7 

By choosing the path of integration as the reflection in the real axis of that used 
in (21.08), the above inequality holds for pc *\ Thus 

H(pe ±ty ) = 0(exp j — op cos 7 } + exp \bp cos 7 — Bp sin 7 )). 

Using this and (21.05), 

(i(pe ±,y ) = 0 (cxp { — op cos 7 + irDp sin 7 + ep} 

-\- exp [bp cos 7 — {B — %D) p sin 7 ■+■ ep}). 

Since B > tD we can take* 

b — ?(B — tD) tan 7 . 

'Then B — ir D = 26 ctn 7 and 

(I(p( ±ty ) = 0(exp j —op cos 7 + irDp sin 7 + «p} + exp } —bp cos 7 + ep}). 
Since e is arbitrarily small, 

< 7 (pe ± ‘ r ) = 0(exp { — Jap cos 7 -f 71 -Op sin 7 } -f exp { — J 6 p cos 7 })- 
If D = 0 then for 7 = J ir, 

{/(pc*’*) = 0 (c hvoay ), |5 - i min (a, 6 )}. 

If 1) > 0, let 


y 


tan 


a 

4 tD' 


Then vJ) sin 7 — \a cos 7 and 

(i{pf ,±iy ) = 0(exp {-Jap cos 7 } 4 - exp \-]hp cos 7 }), 

and again 

( 21 . 10 ) <l(r xn ) = (>(<■ 

Thus for 5 > 0, 

(21.11) c 6w G(w) = 0(1), | w | -> 00 , am w = d= 7 - 

By (21.08) (here exists an A such that for | w - \i | S 1r, (/,• > 0), 

| H(w) | £ /If'"” 1 . 
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Using this and (21.05), then for some other A 


(21.12) |(r»| £ .lr* 1 " 1 

for | w — | ^ \c, (lx > 0 ). But G(w) is analytic in the whole plane. Thus 

the maximum value of G(w) for | w - \ k | £ \c ib taken on for | w - X* | - }r. 
Thus (21.12) holds for all and for some other A 


f“0(w) = Ofe 41 " 1 ), 

The above result and (21.11), according to a theorem of l’hragmfti-Undelof 
(Theorem C 1 ), give 


• ^O(w) « 0 ( 1 ), 

In particular then 

(2U3) G(u) = 0(e~ iu ), 

But G (A ft ) = — a n F'(X n ) by (21.09), and therefore 



By (21.07) this becomes 


| w | oo, | am w | £ y. 

U —► oo , 


a n = 0(e ix " +,x "). 

Since e is arbitrary, 

a n = 0(e~ iXJ2 ). 

But this would imply that ihe abscissa of convergence of /(z) is at — }8 or to the 
left of - which is contrary to our assumption that it is at zero. This com¬ 
pletes the proof of the theorem. 

22. A function with zeros having a density. Theorem XXX is obviously 
contained in 


Theorem XXXI. Let {z„} be a sequence of complex numbers such that 


(22.01) lim » = D 

n —*oo Z n 

where D is real , and for some c > 0 let 

(22.02) | Zn — z,„ | ^ c | n — in |. 

If 

(22.03) FU) = n(l - J), 

then, for any € > 0, as r -+ oo 

(22.04) F(re t0 ) = 0 (exp (*-Z>r|siii 6 | + erj), 
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(22.05) = OCexj) j - t Dr | sin 6 | + er)), | re t$ - z H | £ \c , 

and, as n —> <=c, 


<*“»> irLr«-"~'>- 

Theorem XXXI is required in the next chapter. (22.02) can be considerably 
weakened but we shall not concern ourselves with this aspect here. Our aim is 
to use the results like Theorem XXXI to obtain a variety of gap and density 
theorems rather than carefully to investigate Theorem XXXI and similar 
results. 

Proof of Theorem XXXI. Let us choose an € > 0. For fixed z and c let 
{z n \ be divided into three classes, 1, II, and III defined as follows: 

2 » e I, | *. | 5 (1 - «) | * |, 

(22.07) z„ e II, (1 - e) | * | < | *, | < (1 + 0 I * I, 

Z»«IH, \Zn \ * (1 + «)|*|. 

Then 

(22.08) i m i « (n n n) 1 1 - i I. 

\ 1 II III / I Zn I 

Since n/z n —► D, the number of z n in II for sufficiently large | z | is less than 
2e | z | (/> + «) for 5 > 0. Thus 

(22.09) II I 1 “ Cl ^ II 3 £ 3 2 *'* ,(2>+a) < * 4 ' W(D+i) . 

II I Z n I II 

From here on we assume that z is in the right half-plane. For sufficiently 
large n 

(22 10) I * I =_* _ < -_= I --— I. 

K } I 1 - z'/zl I | 1 + z/Zn \\ \ - z/z n \~ \ \ ~ z/z n \ Iz-zJ 
Let a value of n which makes | z — z» | a minimum be N. Then 

| Z - Z n | ^ | Z “ Zn |. 


Thus 


\ZN — z n \ ^ | Z — Zn I + I Zn — Z | ^ 2 | Z — Z„ | 

and therefore 


1 


|z-z*| \Zn — Z n \ 


Using this in (22.10) gives 
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lr-v/ 4 l s |-^rr 

By a prime we denote the omission ironi a product of the term n = N. By 

( 22 . 11 ), 

TT' — 1 <; T7' - L 2 -'- . 

II 11 — z 3 /z\ | n I z « ~ z » I 

If M represents the number of z n in II, then since | z n — z N | ^ c \ n — N |, 

It'll lvz 3 i sa"IO + «)l*ll'n , <1 ,- X m 

ii 11 — z Jz* | n c\n — N\ 


s(*)'i.rn' lw - 

\c/ ii | n — 


Clearly at most two terms | n — AT | in the product on the right above can be 
equal. Thus if [\{M — 1)] represents the largest integer loss than or equal to 
\{M - 1), then 

IT l» - am a (l i(M -1)]!) 3 . 

II 

Thus (22.12) becomes 




By Stirling’s formula this becomes 


?’ i. - r/SI s (!)" 1 ■ ' 

” 0) eX1> ^ ^ Z \ ~ ^ log M\ 

= ( 0 * e*“ exp {|z 1(^108^)}. 


-w e ex n |2| ViM log wvi- 

But M ^ 2c | z | (D 8) Since x log ]/x < x 1/2 for x > 0, 

K 1—1*1 < (MY‘ , Oil*10> + *)) ,/2 - <o.m a- 


— Ion — < 
| z | g M = 


= (2 t(D -1- 5)) . 


(22.13) rr, r 
ii 11 


lOfUKDti) 


Since z lies in the rigi^t half-plane, 


\l~Z 2 /zl\ | * - *jr 11 1 + Z/Z N | 
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By the minimum property of 2 * , for large \z\,\z N \ < 2 | z |. Therefore 

_ 1 < 4[g| 

11 - z 2 /zl\ - \z-Zn\' 

Also 

4|*| > 4|*j > 4[*J _ 

Thus regardless of whether or not z N t II, 

TT 1 _ 41*1 TT- 1 


¥|i“-*V4| S I* 


M Z I TT/ _ 1 

It I• 


Using (23.13) it follows for large | 2 | that 


iju-we)" 


It follows from this result and (22.09) that there exists an A independent of 
| 2 |, 5, and e such that for large | z \ 


(22.14) |* -2*1 




If D = 0 let e = ]. Then 


< Y[ \ - z <, 

~ II 1 2 2 „ 


2 | 

2 , ^ iU«|«i/i 


(22.15) 1 2 - z» |e-“* l " / ‘ S II 1 - ,1 Sf 

n I z. I 

If Z> > 0 lot i = 1. Then ii B = A(D + l ) 1 ' 2 


Until otherwise stated we shall assume 7^ > 0 in what follow's. For suffi¬ 
ciently large No , since n/z n —► 

(22.17) --“f-1 S JZ)V, » a No. 


Let 2 „ € I or 111, (n ^ Ao), and 1 z n | ^ 2 | z |. Clearly 

1 n 2 - z l D 2 1 ^ 1 D 2 zl - zD 2 1 - 1 a 2 - U l z\ |. 

Since z n « I or III, [ | z n 1 — \z\ \ ^ c | 2 |. Using this and (22.17) the above 
inequality becomes 

| n 2 - z 2 D 2 1 £ D 2 e | 2 | 1 2 „ 4- 2 1 - ID 2 * 2 1 z n | 2 

^ D\\z\\\z\ - \DV\z\ 2 = \D\\z\\\ - e). 

For sufficiently small t this becomes 
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(22.18) 

Using (22.17) and (22.18), 


!«* - I>V| 


2 ; 


(22.19) 


1 ~ « S 1 + T" 


zV„/> 2 - n 2 ) I 


4 (» ! - DV) 

for | z„ | 5s 2 | z | and z„ e I or III. Since 

z\z\D 2 - n 2 ) _ 1 - z'/zl 


£l+(, 


n 2 N t , 


1 + 


?.(n ! - z 2 D 2 ) 1 


1 - « S j 1 *=£*, S 1 + <• 

11 — z 2 A) 2 /n 2 


( 22 . 20 ) 

(22.19) becomes 

( 22 . 21 ) 

Clearly for large | s | there exists a positive constant Ci , such that 

1 < ft I 1 - I < r 

Ci “ V ll -zW/nA = Cl ‘ 

The last two results give, since the number of z„ in I is less than 2 | z | D for 
large | z |, 


’ (l-.rU 1-*L?|SII 1- 


( 22 . 22 ) 


C, 


S C.(l + e ) 2|,lB II 1 - : 


For | z„ | S 2 | z |, by (22.17) 


_ 1 DV|.f_ < 1, + n 2 ) < 1 D 2 . 1 

8 » ! — |z| 2 Z ) 2 = i ^ z 2 ( n 2 - Z 2 D 2 ) = " 1 " 8 n‘- 


M’ 

z| 2 U 2 ' 


Since z„ ~ n/D, for large | z | this becomes 


1 -«K -^|1 + 


z ! (z 2 7 > 2 - ; 


z 2 (n 2 - f if) 

Using this result with (22.20) and ( 22 . 21 ), 

a - «) 2U| " 


Jl 


S 1 + 


e |z | 2 /; 2 


(22.23) 


lasi.I V " 2 / = in 11 - .D 2 z 2 /n 2 


5 d+.r n 


Since for small x, 1 + x < c r and 1 — x > e 2 *, it follows that 


II (l^^exp^D 2 E i) 

i«.IS*i»i V n / l »>i.|on 8 J 


Se" 
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ii z lUc-'-. 

•\w\ \ n 2 / { »>i*|z> ri 1 ) 


Thus (22.23) becomes 

-8«D|.| < TT I 1 - 3 2 An I < 4«D|*| 

= frill -z*D*/nA- ‘ 

Combining this result with (22.22), (22.16), and (22.08), 
\z — Zff | e -n\ t \'i/*-i 2 th\D jnr L _ 3 2 _D 2 | 

Cl iTuil n ‘ 1 


£ |fW| S Clf »ui* , / , +«-»i«i JJ |j _<-f I 

l. iii I n* | 

From th(‘ product formula for sin rz, 

(22.25) IIJ 1 - n 2 | = j ~^i) z III [T-z^W/rty 

Let N\ be a value of n such that | Dz — n | is a minimum for w == N\ . Then 
proceeding just as in getting (22.16), 

(22.26) | zD - N, | r S II 1 1 - I S 

n ' n* ' 


Using this result in (22.25) gives for large | z \ 


xwDz\e 2HUUl,i S II 1 - , \ S 


z D 2 1 . | sin ir Dz \ 2fl |*|,i /2 


n? I = 1 zD - Ni | 


The above result in (22.24) gives 


^ | z — Zur | | sin tDz I 


S I Hz) I S C, 


aimcDz 3 /#i*u l / a -» 6 «di*i 

zIJ - Ni 


For large | z | if z — re , 


sin vDz 
zD - Ni 


^ exp \vDr\ sin 0 1}. 


Thus (22.27) gives 

I V(z) | ^ C ! exp {3£re ,/z + GeDr + rDr | sin 6 |). 
Redefining e this gives 

F(z) — 0(exp \icDr | sin 8 | + er}) 


which is (22.04). 
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Again from (22.27) 

(22.28) I —-I £ l exp \-ZB\z\t' n - \2tD\z\) | sinxZ)z|. 

I 2 Zn 1 Cl 

In exactly the same way as (22.28) is obtained, 

I — — I ^ * exp {-32? | z | e 1/2 - 1 2eD \ z | j | cos tDz | 

\z — Zn\ Ci 

can be obtained. Thus 

I —I ^ exp (— 3B | z | t n — 12 el) | z |} max (| cos vDz |, | sin vDz |). 

\z — Zn\ Ci 

Redefining e it follows from this for large | z | that 
1 F(z) I 

(22.29) . i ^ exp {irDr| sin 0 1 — er}. 

\z — Zn 

Letting z —> Zk , z N must eventually become Zi . Thus (22.29) gives 
I F'(zi) | £ e'* 1 '* 1 , 

which is (22.00). From (22.29) it also follows at once that 

“ 0(exp {-TDr|sintf| +«•)), |*-*i|£Jr, * = 1,2, — , 

which is (22.05). The results proved so far all hold for z in the right half-plane. 
But since F(z) is even they must hold for all z. Thus for D > 0 we have demon¬ 
strated Theorem XXXI. 

If D = 0 we already have (22.15) which states 

(22.30) \z~ Zn\ e- AU ' sy * S II 1 1 - £ j :S « A,a,4l/I 

II ! I 

where z n c II if \ | z | < \z n \ < g | z |. In I, | z n | ^ } I * I- Thus 

(22.31) lSn|l- Z !|sIl2|^|. 

I I Zn\ I <4 I 

For large | z„ |, if D = 0, | z n | > n. If K is the number of z n € I, then 



Using Stirling’s formula for K\, this becomes 

(22.32) PI 21|* | = o(2*j *| !, V) = 0(exp j5A' + 2A log (\z\/K)\). 

But for large 1 2 | since D = 0 , /: < € 1 2 | for any « > 0. But since 
x log l/x < x m , 
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1*1 g K “ \\z\) < \\z\) 


Using this and K < 1 1 z | in (22.32), 


II 2 * = 0{e MMaUl, \ 

i z n 


Thus (22.31) becomes 


(22.33) 1 £ II 1 - = 0 (e 5 -'' l+ “" ,/ '). 

I I Z n ' 

In III, |z n | g 3I*|. Thus 

«*> u('-0 s fl! 1 -.!l*B( ,H v.)' 

But 

II (l + ',) £ exp {r 1 z A}- 

in \ rj ( Hi rj 

Let R{u) be the number of r„ < u. Then the above inequality becomes 

s exp t 2 L 2, T *•} sexp f = c " 

for large r since /<(«)/« - On« « In much the same way 

n (i - ?) - <r2 " 


Thus (22.34) becomes 

s ii 11 - i I s 

III I Zn ! 

Combining this with (22.30) and (22.33) gives 

\ z -zs\c A '-' > ' 1 ' 8,1,1 s \m\ 

= 0(exp |.4 | z | i' 1 ' + 5«|z| + iz|« + * I * II). 

Redefining t in terms of e and J above, this gives 

Iz-^le- 1 * 1 S I m I 

The conclusions of the theorem now follow easily for D = 0. 



CHAPTER VII 


DETERMINATION OF THE RATE OF GROWTH OF ANALYTIC 1 
FUNCTIONS FROM THEIR GROWTH ON 
SEQUENCES OF POINTS 1 

23. Theorems of V. Bernstein. In thib chapter we shall prove a set of 
theorems which, roughly staled, show that the rate of growth of an analytic 
function along a line can be determined by its rate of growth along a sufficiently 
dense* sequence of points on the line. We shall deal exclusively with functions 
which are analytic and of order one in a sector. (Functions of other rates of 
growth can be transformed by mapping so as to fall under the scope of our 
theorems.) 

The first theorem we shall prove here is the following. 

Theorem XXX11. 2 Let <f>(z) be analytic in some sector | am z | ^ a. Sujrposc 
(23.01) lim sup —- ^ ^ r - ^ ^ a cos 0 -f b | sin 01, 101 ^ a. 

r-*oc r 

Lei {z n } be a sequenci oj complex w umbers such that 
(23.02) lim n = D, 

n-*ao Z n 

where D is real, and such that for some d > 0 
(23.03) | z. — Zm | 6 | n — m | d. 

If 

(23.04) t rD > b, 

then 

(23.05) lim sup lo * j * ( f“> 1 = lim sup lo ^ (r) 1 . 

*— I**! r-*«o * T 

A special cast* of Theorem XXXII Ls the following result. 

Theorem XXXIII. Let <t>(z) be analytic and of finite exponential type" in the 

1 Cf. Levinson, On tin growth of analytic functions, Transactions of the American Mathe¬ 
matical Society, vol 43 (1938), p 240 

* The theorems m §23 aie due to V Bernstein, tferus de Dinchlcl, Paris, 1933, chap. 9. 
However Bernstein's proofs involved i at her deep theorems in Dmchlet series which are 
entiiely dispensed with heie and replaced by methods of ordinary function theory. Also 
instead of the complex sequence (*„}, used here, Bernstein’s proofs are restricted to a 
real sequence. 

* That is, <t>{z) = for some C in the region undei consideration. 
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half-plane | am z | ^ £*-. Let 


(23.06) lim sup = rL. 

ivi—« y 

If |z„| satisfies (23.02) and (23.03), then 
(23.07) D > L 


implies (23.05). 


It is easy to see by considering sin tz at the points z n = n that (23.07) is 
critical, for in this case D = L = 1 and it is clear that (23.05) is not true. Never¬ 
theless we shall show in §24 that (23.07) can be replaced by a much weaker 
condition. 

We now turn to the proof of these theorems. 

Proof of Theorem XXXII. We observe that there is no loss of generality in 
taking a < Clearly, if f23.05) does not hold there exists a c such that 


(23.08) 

Let 


lim sup 



Then it follows from (23.08) and (22.06) of Theorem XXXI that the series 

@.o») 


converges and represents an entire function. Clearly 

9(Zn) = 

Therefore 

(23.10) = +®-f z) 

is analytic for | am z \ ^ a. Using (22.05), (23.01), and (23.09), it follows from 


(23.11) 

that 

(23.12) 


= *- z) 
F{z ) 


1 F'iZn){Z ~ Zn) 


+(z) = 0(e (Mf|fflH|, 'l ,M ) 


for I z — z H I £ i d. But \j/{z) is analytic for | am z | ^ a. Since (23.12) is 
true on the circles | z — z„ | ^ \d, it must be true inside, since' an analytic 
function takes its maximum value in a domain on the boundary. Thus (23.12) 
holds in the whole sector. 
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From (23.11), (23.01) and (22.05) it follows that 

\J/(re ±ia ) = 0 (cxp [r(a cos a + b sin a — irD sin a -f- c)} + exp |cr cos aj) 
for any e > 0. Or setting (irD — b) tan a = y, 

(23.13) t(rc ±ta ) « 0(c r coa " (a 7f ‘ 8er a) + e cr 008 “). 

Since nD > b, y > 0. If we take e < cos a, then (23.13) becomes 

\f/(re ±ta ) = O(e rrco8 "), p = max (a — Jy, c). 

In other words \f/(z)e is bounded for am z — ±a. By the Phragin&i-Lindclof 
theorem, Theorem (\ this and (23.12) imply that \p(z)e~ ,u is bounded in the 
whole sector ( — a, a). Thus, in particular, 

(23.14) ${x) = 0(e px ), p = raa'x (a — § 7 , c). 

But from (23.10) 

<*>(.r) = ^(jO/'X-**) -f f/(x). 

Using (23.11), ( 22 . 01 ), and (23.09), this gives 

lim sup L^ (j) I ^ m ax (a — Jy, c). 

X —►GO T 

This contradicts our initial assuini)tion (23.08) and proves the theorem. 

Proof of Theorem XXXIII. Let us set 


.. log | <f>(x) | 

lim sup —— J = a. 

x—*oo X 

Then by (23.00) and the Phragnien-Lindclof theorem, Theorem C', 

lim Mip I ) I ^ a COM e + rh\ sin 0 |, | 01 ^ }x, 

) —*ao V 

in the right half-plane. Theorem XXXIII now follows from Theorem XXXII. 

Theorem XXXIV. Let <b(z) be an analytic function in the right half-plane , 

| am z | ^ ]ir, such that 

(23.15) 4>(re'*) = 0(exp j(a log r cos 0 + ttI* | sin 0 j + e)r\), | 0 | ^ § 7 r, 

wh<re a ^ 0 , b ^ — 2 «, owe/ € is an arbitrary positive quantity. If {z ri } satisfies 
(23.02) and (23.03) and if 


(23.10) 

then 


D > b + }a, 


(23.17) , lim sup S Tp 

«-*«o \Z n \ 

implies 
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(23.18) <Kre**) = 0(exp \ir{p cos 0 + b | sin 0 | + e)r}), | 0 | ^ \tc. 

To show that (23.10) is critical wo consider <i>(s) = r(l + z) sin \rz for 
z n — 2 n. Then D — J, and by Stirling’s formula for I \1 + z) for complex z, 
Theorem F, 

${rc'°) = 0 (exp (ring r cos 0 + er}), | 0 | ^ J?r. 

Thus b = 0, a = 1 and therefore hen* D = b -f But here p = — «, and 
therefore the theorem does not hold. 

Proof of Theorem XXXIV. We shall assume that a > 0 , for if a = 0 wo 
have Theorem XXXIII. Let 

(23.19) <#>(z) = ,^L 

1(1 + az) 

From Stirling’s formula it follows easily that for | 0 | ^ \r and large r 

log | r(l + are' 6 ) | = ar log r cos 0 — ard sin 0 — nr cos 0 + ] log r -f 0 ( 1 ). 

Thus from (23.15) 

(23.20) <f>(rc' e ) = 0(exp {(ir/> | sin 0 | + ad sin 0 + a cos 0 + e) r })> I 0 I ^ 
and from (23.17) 

(23.21) </>(*„) = 0(exp ((— a log | z n | cos 0 n -f wp -f n -f e) | z„ |}). 

From (23.20) 

(23.22) lim sup loK ^ ^ ^ ^ r(b + %a)r | sin 01 + nr cos 0 , 

r—*oo I’ 

and from (23.21) 

(23.23) lim sup loR j I = - oo. 

Using /)>!) + \a and the above two results in Theorem XXXIII gives 

(23.24) lim sup los ^ ^ = — oo. 

*-*« X 

We define 

(23.25) 

where A is any real number. That g(z) exists follows from (23.23). We also 
consider 

.() = *(*) - g(.z) 

* K> l‘Xz) 

Since g(z n ) = <t>{Zn), t(z) is analytic for | am z | ^ lir. From (22.05), (23.22), 
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and (23.25) it follows as in the proof of Theorem XXXII that 

(23.26) i(z) = . B ' r ). 

Along the imaginary axis (assuming 3fz„ > 1 as we may with no restriction) 


I <Hiy ) | ^ max 


F(iy) 


+ E 


F'M ' 


From (22.05), (23.22), and D > b + \a it follow’s that there exists an Mi > 0 
independent of A such that 


Thus 


I ±(w) 

\F(iy) 


£ Ml. 


(23.27) If dir) I S + 


Since by (23.25) 


g{z) = 0 (exp } — {A - e)r cos 0 + (ir D -f *)r sin 0 (), r —» °o f | d | ^ x 2 v, 

and by (23.24) 

*(*)-<>(«■ "~*), r —♦ ®, | fl | < }ir, 

it follows easily from the definition of \f/(z) that 

(23.28) t(x) = 0(e~ u ~ t)r ), x -> oo. 

Thus using (23.26), (23.27), and (23.28) 

+{z) = 0(c (j4 "‘ )r 008 *) 

by Theorem C' of Phragm&i-Lindelof. Thus ^(z)e (A ~ ,)x is bounded in the right 
half-plane. It follows from (23.27), applying the Theorem C of Phragmfri- 
Lindelof, that 

i f u °*f (*) I g M, + £ I j, I am z I s }rr. 

1 I t (z n ) j 

Since the right side is independent of e, < can be taken as zero and thus 


(23.29) | i(x) | =£ e~ Ax (a/, + £ |)- 

Using M. and M t to represent constants independent of A, it follows from 
(23.25) that 

l»(*)| £M,r u 

1 1 e KZn) I 


Since 


<t>(x) = g{x) + +(x)F(x) 
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it follows from the above two inequalities and F(x) = 0 (e ,x ) ohat 


l*W I S 


Or setting A * a log x, this becomes 
(23.30) |*(x)| £ M*e~ arU * x+tx 

From (23.21) and (22.06), 

. * I F'M i 


/. , f. 4 ,(z.)e"' l ° 
V + i ~ F\i.) 


= <"£P {—a|*.| log |*./x| eosifl. + (irp + a + «) | JS„ . 


But for x > 0, 


max (<f x “ "’**") = e ui \ 

0£m<qo 


If B > 1 is so large that log B > 2(irp -f a +S)/a, then (23.21) becomes 

Z I ***%,- > |-0 (exp {(xp + a + e)Bx + ox/e) £ 1 

1 I r i \ 

+ £ exp {— a|«n| log B cos 9 n + Grp + a + e)\z n \\ ) 

/ 

= 0(j exp {(irp -f a + e)Bx + ax/e\ 

+ Z) exp { — | z n | (2 cos d n — 1)(rp -f a + c)}) 

|*nl>** 

= 0(exp {(irp + 2a -f «)5i)). 


Using this in (23 30), 

<t>(x) = 0(exp {-ax log x + Cx\) 
where C = (irp -f 2 a -f e)B -f e. Using this in (23.19), 

<f»(j) = 0(T(1 + ax) exp {— ax log x + 6 Vj). 
Using Stirling’s formula this becomes 

*(*) « 0{e Cx ). 

Using (23.15) 

*(iy) = 


Uping these last two results and (23.15) in Theorem C' of Phragm 6 n-Lindelof, 
it follows that 
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(23.32) lim sup lo S T b | sin 01 + C cos 0. 

, -oo r 

Theorem XXXIV now follows from Theorem XXXIII. 

Theorem XXXV. If in Theorem XXXIV, (23.17) is replaced by 

(23.33) 4>(z„) = (>('■ 10,1 

where k > 0, then (23.18) is replaced by 

(23.31) <I>(«’* # ) = 0(exp j(-A* log r cos 0 + tt6 | sin 0 | -f €) r l)» (\ e \ ^ 

Proof of Theorem XXXV. This proof is very much like the preceding one. 
Here again wo set 


4>(z) = 


$(z) 

r(l + az) 


and proceed with the single change of 


<t>(Zn) = (){k>xp ( - (o + k) I z n I log I z n I cos 0 ti + (a + e) | z„ |)) 

in place of (23.21) until we reach (23.30) which, because we now define .4 as 
(a -f k) log x , becomes 


| <K*) I ^ M.Z exp ( - (a + k)x log .r + tx 


(,4 


exp I (a + *)2„loR:r] 

r'M 


l> 


Continuing from here as in the preceding proof leads to 
4 >(j) = 0(exp { —kx log x + CV}) 


r > 0 . 


instead of to the <t>(j ) = 0(e Cl ) of Theorem XXXIV. This leads instead of to 
(23.32) to the fact that 4>(z)r(l + kz) is of exponential type. Theorem XXXIII 
can now be applied to 4>(z)r(l -f kz) to give Theorem XXXV. 


Theorem XXXVI. If 4>(z) satisfies the requirements of Theorem XXXIV with 
(23.17) replaced by 

(23.35) < 1 >(z„) = 0(e~ kZn log l *» l ), 
and if 

(23.36) k > 26, 
then 

(23.37) 4>(z) = 0. 

Proof of Theorem XXXVI. 4>(z) clearly satisfies the requirements of Theorem 
XXXV. By applying Carleman’s theorem, Theorem B, to 4>(z) we have, 
assuming 4>(z) is not identically zero, 
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^ ~ 2r li *° g ^ *V) I ~ Jfij + /2 lo ^ f I Hite 9 ) | cos 6dd 

where A is sonic constant. Using (23.34) and replacing A by another con¬ 
stant A i , we get 

^ {b+e) i {y ^) udy - k h r R C c,,s2 9,ie 

or 

— A i ^ (6 -f e) log It — \k log It. 

Letting It —* <x >, it follows that 

2 (6 + e) ^ L 

Since e is arbitrary, it follows that 

26 ^ L 

But this contradicts (23.20). Thus <h(z) =? 0 . 

24. A sharper set of theorems. In this section we shall prove sharper theo¬ 
rems than those of §23. An example of the results of this section is given by 
the following theorem. 

Theorem XXXVII. Let <t>(z) 6< analytic and of exponential type in the sector 
| am z | ^ ]ir. Let ‘ 

(24.01) 4>du)~0( 1), M->«. 

Let \z n \ he a sequence of complex numbers such theit 


.. 1ok| 0(*»)| r log|^>(/)| 

bin sup | , 1 = Inn sup - 1 

n -»oo 1 Z n | *-+oo X 


(24.02) lim = 1) 1 0 

and such that for some d > 0 

(24.03) | Zn — s. | S | n — in | </. 

A necessary and sufficient condition that 

(24.04) 
is that 

(24.05) t.L- -• 

1 |*»l 

4 The condition (24.01 ) can easily be replaced by 

r 00 lojU | *(*»/) | 

Lao 1 + V 2 y 

as will bo pointed out in the proof of this theorem. 
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If D > 0 in (24.02), this theorem is an immediate consequence of Theorem 
XXXIII. However if D - 0 Theorem XXXIII no longer gives any results. 
Thus if z n = n log (n + 1), (24.05) is satisfied and Theorem XXXVII applies 
whereas the theorems of §23 give no results. 

Another theorem proved here is 

Theorem XXXVIII. Let <t>(z) be analytic and of exponential type in the 
half-plane | am z | I It. Let 

(24.06) *(iy) = 0(e rL, “ l ). 

Let j\n| be an increasing positive sequence such that 


(24.07) lim f = D, X„+, - X„ 6 d > 0. 

n-*oo A* 

Let A (u) be the number of X„ < u. If 

(24.08) „ 

y* 

and if 

(24.09) A (y) + t(y ) > Ly 

for some positive function l{y) satisfying 

(24.10) f l( 4dy < «, 

y 

then 


(24.11) 
Thus if 


lim .up l0K if 1 

n —*oo X tt 


lim sup 


log 1 4>{x) | 


lim ^ = D 

y 


it is possible that D = L and yet that (24.08) and therefore Theorem XXXVIII 
holds. In §23 it was necessary that D > L. 

The method of this section can best be presented by giving an alternative 
proof of Theorem XXXIII of the preceding section. 

Alternative proof of Theorem XXXIII. Clearly to prove this theorem it 
suffices to show that 


(24.12) 

lim eup l0 Sl*« 

>*o 

implies 

n —*oo | Z n | 

lim«up l0g| * W l 

^ 0. 


sc-*oo X 
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We again introduce 

(24.13) g(z) = ± - F’F(z) 

1 F \Zn)(Z Z n ) 

which by (24.12) exists for any e > 0. As in §23, g(z n ) = 4>(z n ) and 

(24.14) *(z) = 

t{z) 

is analytic and of exponential type for | am z | ^ \ir. From (24.14) 

(24.15) \Hty)\& It^l + £| ** - J. 

I b (ty) I i ' I< (zn)(iy - Zn) I 

Since D > L , it follows from (22.05) and (23.06) that 


~eV) 


1 * K V> 1 _ F(iy) i 1 F'{zMiy - z„) 


— (\( n - L)\y |\ 


From the last two results 


t(iy) = 0(1/| y |). 


But ^(z) is of exponential type in the right half-plane. This and (24.17) by a 
theorem of Phragmen-Lindelof, Theorem C', give 


■F’) = e*"""), 


for sonic B. From this 

(24.18) 


0( \/\z\ l ), 


I e I s hr, 


| am z | ^ 5 ?r. 


Or if 

(24.19) 

then for x > 0 

(24.20) 


s by the < 

Cauchy integral theorem 

that 

** _ 1 



z 2m 

•L too 1 “1“ S Z S’ 


1 


” du 

2m 

J-.. 1+8 Jo 

1 

\\~du r*«f\ 

■** do. 

2m 

Jo J-tQO 1 + s 

HM = 

2m JLtao 1 + s 



+{z)e~ Hl = 
1 +z 


J H(u)e 
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Using (24.18) and closing the path of integration to the right in (24.19), it is 
clear that 


(24.21) !J(u) = 0, 

On the other hand, if we use (24.14) in (24.19) it becomes 


a < 0 . 




‘ </>(Zr> 


d 


F'(Zn) 2« JL.. (1 + «)(«- Zn) 


(is. 


Or if u < B — « 


II(u) = 


i r me "" 1 

2t J— oo I* 1 (it) (1 + it) 


c"“ dt - 


> PW(i + 4,)' 


That is, if 


(24.22) 

„ <u) _ i r mo -"' 1 
//l( 2 tt jL« /’’(i()(l + it) 

and 


(24.23) 

00 J./'* \ 

/W ") = ?/' ,r W(l +*.)’ 

then 


(24.21) 

//(«) = //,(«) - // 2 (h), 


The series for // 2 (m) converges for u < 1i and represents an analytic func- 
tion. This follows from (21.12) and (22.00). Thus I/t(u) is analytic for u < H. 
If 6 = r{D - L ), then from (24.10) 

(24.25) - 0(c ,M ), M~» ». 

h(iy) 

If w = a + iv then it follows from (24.22) and (24.25) that Hi{w) is defined 
for | v | < 5. The derivative H \( w) also exists in this strip. Thus Hi(u) is 
analytic for ( — « < u < <x). 

Since II(u) — //i(m) — Ihiu), it now follows that //(m) is analytic for 
u < ii — e. But by (24.21) 


H(u) = 0 , u < 0 . 

Since //(w) is analytic, u < li — e, it follows that 

(24.20) //(ii) = 0, u < B - e. 

Thus (24.20) becomes 

• = f HMe -’du. 

By (24.18) and (24.19) II(u) is bounded. Thus 
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_ 0(e~ x ^ O t ^) 

X — > 00 , 

or 

m - 0(e 2 “), 

X — * « 3 . 

Since <f>(x) 

= g(x) + F(x)4/(r), it follows that 



lim 8 up l0Bl * ( *±l S 2, 

X-*ao X 



Since e can be taken arbitrarily small, we have completed the alternative proof 
of Theorem XXXIII. 

The essential difference of this proof from those of §23 is that here we get 
4 r(z) in terms of H{u). In this section we are attempting to refine the theorems 
of §23 so that I) > L is no longer necessary. We shall now see how dropping 
D > L affects the argument of the alternative proof just given. A perusal wall 
show that the full force' of D > L is used only in the paragraph containing 
(24.25) where we prove that II\{u) is analytic, (— x < a < <x). Clearly if 
D = L, (24.25) will no longer hold and H\{u) need no longer be analytic. That 
H2(11) is analytic for u < B regardless of how I) compares with L follows from 
(24.23). Thus the question becomes this. Is there any weaker condition than 
analyticity that can be imposed on Hi(u) that together with 

IJi(it) — 77 2 (m), u < 0, 

and 77 2 (m) analytic for u < B, implies 

7/iCw) = 7/i(w), u < B ? 

That there are such conditions was proved in Chapter V. In particular Theo¬ 
rem XXIV will be of interest hen*. This theorem states that if Cl(t) e 7>( — ^, x) 
and if for t —* « 

(24.27) G(0 = G(, 
where 6{t) is monotone increasing and 

(24.28) (It = oo, 

then if the Fourier transform of G(t) coincides with an analytic function over some 
interval it coincides with the analytic function over its entire interval of analyticity. 

In order to apply this theorem to Ih{u), it follows from (24.22) that it must 
be shown that <f>(it)/F(it) satisfies (21.27). This is the object of the following 
lemma. 


Lemma 24.1. If 
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and if {X w | satisfies the requirements of Theorem XXXVIII, then there exists an 
even function 6{u), increasing for a > 0, such that 

(24.29) f dy= * 

y 

and an even function ti(y), increasing for y > 0, such that 

(24.30) 
and 

(24.31) 

Proof of Lemma 24.1. Clearly 

If* I F(*b) I “ £ '*« + *7) = Jf ll* (l + 




rUu\ 


: = 0 (e 

Hw) 


f/A(«) 


Since 


it follows that 


log 


= 2 / A( “ } 2 ^ , d«. 

Jo w v 2 + y 2 

2 1 u * v +? <i'' = *\vl> 

\F(iy)\-TL\y\=2f AM - Lu du. 

Jo u u 2 -h y 2 


Or 


(24.32) 


log I F{iy) | - *L I y \ g 2 f A(u) " hu + ,(tt) £ 

*1 w -u 2 + y 2 




-2 /**■> 

•»1 M W 2 4“ y 2 

Let 

( 24 . 33 ) U(y) = 2 f t(u) du. 

J i w w 2 4- jr 

Recalling A(y) 4-/(2/) > Ly, (24.32) becomes 

log I JP(*y) I - t/. I y I g 2 f A(u) _ + tM i. ’ rfu - (j(„) - 2/. 

•'i a rtf 

s£ jf' AW - La + <W _ 2i 
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If we set 




(24.34) 


6(y) = f A(u) ~- Lu + i{u) du, 
j1 w 

y > 1, 

»(-y) = 

0 (»), then 




log | 

F(iy) | ~ vL | y | £ %) - Jj(y) - 2L, 



which gives (24.31). 

From (24.34), 0(y) is increasing and 


h y* 



A (u) — Lu l(u) 
u 

^ u) ~ Lu du= r^-L-du 

U j\ u 




A(u) — Lv 
u 2 


du 


ao. 


This proves (24.29). 
From (24.33) 


t[(y) - 2 r 


t(u ) _2yw 

w (w 2 + y 2 ) 2 


da > 0 . 


Thus /i(y) is increasing for y > 0. Also 


i 




■l 


y 2 

*(u) 

a 


r® ,* 

Ji u u z + y 2 

r dy _ r t(u) 

Jo u 2 + ?/ 2 ^ ■'i a 2 


du < oo, 


which completes the proof of the lemma 

Proof of Theorem XXXVI11. If h(u) satisfies the lequirements of Lemma 
24.1, then by Theorem XXVI for any 5 > 0 there exists a function K(w) such 
that 


(24.35) 


K{u) = 0 


/c" <l(2tt) \ 
VI 4 U*)> 


and the Fourier transform of K(u), k(x) vanishes outside of ( — 5, 6). Thus 
(24.36) k(x) = ^ £ K(u)e-"“ du. 


Let 

K,(z) = (2 £„ £ fc(t)W dt. 


(24.37) 
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Then by (24.36) 

Kitty) = J- f me vt dt f" K(u)e~" lt du 
JTT J-& J—to 

= £ J~ K(u) du j[* fCOc 1 '” - *’' dt 

= (2 l )w ~ vUu. 

Or for y > 0, 

1 - r w/2 

I Kitty) I ^ (C) u/2 max I A(u - ?/) | / | A(w) | du 

) —oo< u<j//2 •*-» 

+ max | A(w) | f | A(m - y) | du 

^/2<u<oo »y/2 

= /o 2 \l/2 maX I A ( W ) I f I A '(w) I <*U. 

Using (21.35) this gives 

(24.38) Kitty) - yi ), | ?y i —». 

On the* othoi hand by (24.37) 

KA-r) S ( 2 ir)1/ . / 4 I *-(0 I 2 * > 0, 

or 


(24.39) 


1 

KM 


= 0 (t* J ), 


Also from (24.37) 

(24.40) Ki(z) = 0(r* 4kl ). 

As in the* alternative proof of Theorem XXXI11 it suffices to show that 

(24.41) 


implies 

(24.42) 


Urn loK I f K) I S 0 

n-*oo A n 


“r pl 08 j 7 <1)1 - 0 ' 


We define , |t . 
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with e > 6, and 


M z ) = M 
V ’ F(z) ■ 


Then as before g(z) is an entire function and \f/(z) is analytic and of exponential 
type for | am 2 | ^ ]r. From (24.44) 

By (24.40) Xi( 2 )^( 2 ) is also of exponential type for | am z | ^ By (24.38) 
and (24.45) 

+ ,l r ), 

Bui <fhy) = Tims using (21.31), 




It now follows from Theorem V of Phragm&i-Lindclof that for some B 


a-,W^) = o(,Q, 


amzj s r, 


K t (zMz)r • = o(| J ), 


| am 2 | s *tt. 


Using (24 47) if follows by Cauchy’s integral theorem that for x > 0, 


A'lWfMr = 


1 C 00 Kt(*M*)e 
2ttI J— too 2 S 


= ’ r KMiU)e~“' (h r <■ " i * *' </« 

27T? J-,» Jo 

=j r< * r **'■•,/». 

27t? Jo J— ioo 


Here we an* following almost identically the alternative proof of Theorem 
XXXTI1. We define 


//(«) = 2 rl l'“ "'<!«■ 


K,(zMz)e~ M = f H(u)c~ 
Jo 
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Using (24.39) this gives 

(24.49) <Hx) = £ |//(«)| e“'duj, x-^x. 

Using (24.47) in (24.48) we can close the path of integration to the right 
and obtain 


H(u) = 0, 

On the other hand, using the definition of ^( 2 ) in (24.48) gives 


u < 0, 




’ Ki(s)4>(s)( r 
F(*) 


c"'ds - 2 


0(Xn)f 

F'(A n ) 2 TTt J-ioo 


' f 

Wi J~i 


’ K 1 (s)r l “' 2,+ • , * 

—- - as. 

A n 


By (24.40) this becomes 

1,{u) - k jl. too c * - ? - mr " 

for m < B — e — 5. Or 


(24.50) 
where 

(24.51) 
and 

(24.52) 


II(it) = Hi(m) - // 2 (m), 


TT /.A _ 1 f »U/ tj 


/««) = 

1 r (An) 


u < B ~ 2e f 


11 B 2c. 


The series for // 2 (a) converges for v < B — 8 and therefore certainly for 
u < B — 2c and represents an analytic function. Thus //a('w) is analytic for 
u < B - 2c. 

Since TOO = 0(e r ' ,l<l ), using (24.31) and (24.38) gives 

wo - °V <* )’ {l{ ■ 

Thus if 


G(0 = TO) 1 ' 2 Kl(tl) *^ e 

then (?(0 satisfies (24.27) and (24.28); and by (24.51), 7/i(w) is the Fourier 
transform of (r(t). Since we have shown H(v) = 0, n < 0, it follows that 

Hi{u) = 7/ 2 (m), w < 0. 

But 7f 2 (w) is analytic, u < B — 2e, and 7fi(w) is the transform of G(t). Thus 
from the remarks following (24.28) 
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Hi(v) — Ht(u), u < B — 2c, 

or H(u) *= 0, (u < B — 2e). Using this in (24.49) gives 

+{x) = o(e fB *** jT^ | //(„) I e— du) , x —* ®. 

By (24.46) and (24.48), //(w) is bounded. Thus 

*(*) = 0( e a ' Mx ) = 0(0, », 

since e > 6. But^(j) = g(x) + F(x)<t>(x) and therefore <f>(x) = 0(c 4 ' x ). Scan 
be chosen arbitrarily small and therefore so can c. Therefore (24.42) follows 
and the theorem is proved. 

In much the same way the following theorem is proved. 

Theorem XXXV1II-A. Theorem XXXVII1 remains true if (24.06) and 
(24.08) are both replaced by 

4>(iy) - 0(e TLI ‘'- ,{ \ 

for an even function 0(y) increasing for y > 0 and satisfying 



We now turn to the proof of Theorem XXXVII. 

Lemma 24.2. Let 

(24.53) F{z) = II (l - ^) 

where {z n \ satisfies the requirements of Theorem XXXVII. Then 

(24.54) t\iy) = °^ ^’ M - 

where $(y) is even and increasing for y > 0, and 

(24.55) jf ^ dy = «o. 

Proof of Lemma 24.2. If z n = r n e ,9n there is no loss of generality in assuming 
that B n ^ It. We have, if f(w) is the number of | z n | < v, 

BO ✓ ni 4 V /2 

\og\F(iy) \ = Zlog(l + ^f-cos20 n + 2/ 4 ) 
i \ r n r n / 

a 4 iog ( i+ 9 = if ,og ( i+ S dr(u) 

> l ^ 2 C dKu) > ir(|j/i) - 
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Thus if wo take 6(y) - Jf(| i/|), Hion (21.54) is satisfied. Also 


p Oy) 

Jl if 


dy 


Jl r Jl y 


uw) 

4 A ' 


Since n/z H —> />, letting „4 —* « we have 

f 6{y }dy a * f rff(!/) - JD = 1 £, 1 , - \D = = 0 . 

Jl r 4 Jl 2/ 1 I z» I 

This proves (24.55) and completes the proof of the lemma. 

/Voo/o/ Ttuorcm XXXVII. The proof follows word for word the alternative 
proof of Theorem XXXIII except for the facts that (24.16) and (24.25) are 
both replaced hv 


(24.56) 


<j>(iy) 

F(iy) 


= 0(c- 9(v) ), 


\y\ 


and that Ifi(u) is no longei analytic, which nullities the argument from (24.25) 
to (24.26). Equation (24.56) follows from <l>(iy) = 0(1) and (24.54). 

To replace the argument from (21.25) to (24.26), we recall that 


JIM = 


i r m* *_ . 

2r L o F(it){ 1 + it) 


If we set 


riD = 1 

’ W (2ir) , « 1 + »/)’ 

then //,(m) is the Fourier transform of 0(0 and by (24.56), (Sf(t) satisfies (24.27). 
Thus by the argument following (24.27), since by (24.21) H(u) — 0, (v < 0), 
or in other words Ffi(u) = // 2 (w), (n < 0), and since // 2 (a) is analytic for 
u < H — e, it follows that 

lh(u) = Ih(u), u < B - e, 

or in other words that //(m) = 0, (u < B — c). This is (24.26), and the argu¬ 
ment now again follows exactly the alternative proof of Theorem XXXIII. 6 


6 In c*iis i'4>{nj) ib not hounded hut satisfies 
’ log 4 | 

1 + y* 


l: 


dy < 


a function /v,(c), analytic and hounded in the light half-plane, is introduced which satisfies 
log 1 Ki(ty) 1 = — log^ | <t>(iy) |. NiCO is used in much the same way as a similar function 
also designated hy A'i(z) is used in the proof of Theorem XXXIII. Ki(z) — 
whole 



r 


r 


J log 4 | | 

x* + (y - ,)* V 


and v(x, y) is the eonjugate function to u(x, y). 
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Wc now turn to the other part of the proof and show that 

(24.57) E . 1 . = =o 

> It.! 

is a necessary condition. Let us assume 

(24.58) E, 1 , < oo. 

i I*.I 

Then 


*G 0 = II (z ~ Z " )U ~ in) 


2 ”> = iVi- ¥i - ^ ) 

in) ¥ V *. + z)\ Zn+z) 


1 (z + Z„)(z + Z n 

exists and is analytic in the right half-plane, since, for x > 0, (24.58) gives 

2 z 1 


V I 2z 

1 iZn + Z 


< 00 , 


Since for x > 0 


2 _ “7 | < 00 • 

1 Zn + Z | 


•z + Zn 


^ 1, 


| Z ~ Zn \ 

'z + zj 


^ 1, 


it follows tliut 


(24.59) 1*001 £1, \e\ £ 1 *. 

Thus 4>{z) satisfies the requirements of Theorem XXXVII. But <p(z n ) = 0, 
and thus, 

(24.60) lim log|*WI = 

«-»ao | Z„ j 

If (24.58) were sufficient for Theorem XXXYll, (24.00) would imply 

lim^kWI = 

z-*ao X 


But this and (24.59), by Theorem (’ of Phragmen-Lindelof, imply that*(z) = 0, 
which is impossible. Thus (24.58) is insufficient for Theorem XXXVII, or in 
other words (24.57) is necessary. This completes the proof of Theorem 
XXXVII. 

Theorem XXXIV can be refined by the use of 'Theorem XXXVIII to give 
the following: 

Theorem XXXIX. Let 4>(z) be an analytic Junction in the right half-plane 
| am z | ^ such that for any e > 0 

(24.01) $(re' 8 ) = O (exp{(a log r cos 0 + vb | sin 0 | -f e cos 0)r}), | 0 | £ £ir, 

where a ^ 0, b ^ — ^a. Let {X n } be a positive sequence satisfying 
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lim = D, 

n—»» An 


An+1 - x„ £ d > 0. 


Let A (u) be the number of \ n < u. If 

9 A (u) — (b + |fl)w 


f 


du ■ 


and if for some 'positive t(u) such that 

J i li- 1 


the inequality 

A (u) 4- l(u) £ (6 *+• %a)u 


holds , then 



(24.62) 

log | 4>(\ n ) | ^ 
hm sup — — 1 ^ irp 

n-»oo A„ 


implies 

(24.63) 

for any c > 0. 

<J>(re ttf ) = 0(exp \rr{p cos 0 + b | sin 0 | -f e)}), 

IIA 

ne 

* 


Proof of Theorem XXXIX. As in the* proof of Theorem XXXIV, we consider 

,f,\ = _♦(*) 

r(i + o*)‘ 

Proceeding as in Theorem XXXIV, it follows from Theorem XXXVIII that 

l im log|*(x)J = _ oo . 


Then g{z) is defined as in (23.25) and 


^(z) = 


<t>(z) - g{z) 


However, instead of working with \f/(z) we work with 4/(z)Ki(z) where K\(z) is 
defined as in the proof of Theorem XXXVIII. Thus (23.27) is replaced by 


\y^{iy)Ki{iy) | £ M x + 

i 


*(X.)K,(X.) f'"" 


Proceeding as in Theorem XXXIV with \f/(z)Ki(z) instead of ^(z), there are no 
further difficulties. 

Related to Thet^em XXXIX in exactly the same way as Theorem XXXV 
is related to Theorem XXXIV is the following theorem. 


Theorem XL. If, in Theorem XXXIX, (24.62) is replaced by 



A SHARPER SET OF THEOREMS 


121 


124 1 


$(x„) = 

with k > 0, then (24.63) is replaced hy 

Hre' 9 ) = 0(exp {(-A; log r co>s 0 + e cos 0 + tt& | sin 0 |)r)), | 0 | £ £*■. 

The proof of this theorem follows closely that of Theorem XXXIX in just 
the same way as the proof of Theorem XXXV follows closely that of Theorem 
XXXIV. A sharper result than Theorem XXX\ [ is the following theorem. 

Theorem XIA. If, in Theorem XXX TX, (24.(>2) is replaced by 

(24.64) lim I *^L+ 2bX J^R X “ = 

»-*co An 

then 4>(z) be 0. 

Proof of Theorem XLI. Applying (24.64) to c /is <I>(z), (B > 0), it follows that 
c BK <i>(An) = 0(e 2fcx " l0 « x »). 

Applying Theorem XL to < Bz Q>(z), it follows that 

(24.65) | 4>(z) | <; Bi exp j(—26 log r cos 0 — B cos 0 + irb | sin 0 |)rj, | 0 1 g J-ir, 

where B\ is a constant depending on B. Applying Carleman’s theorem, Theo¬ 
rem B, to 4>(z), we have, if 4>(z) ^ 0, 

~ Al - log I IQ 2 “ #i) (j y + “ft [ r/2 Io s I ^(^ t9 ) I cos Odd, 

where A 1 depends only on 4>(z). Using (24.61), this becomes 

-*•**!! 0 - i) y dy + h Li l0K 1 <1>(r, ' ,) 1 cos 9de 

where A 2 depends only on 4>(z) Applying (24.65) this becomes 

7T J— r/2 

/ r/2 1 »j <*ir/2 

| sin 0 | cos 0 </0 + u 1 / cos 0 r/0. 

t/ 2 “Wn J—#/2 


Or 


Letting ft —♦ 00 we see that by choosing 

B > 2Ai + 26 + € 

we obtain a contradiction. Thus &(z) = 0. 



122 


RATE OF GROWTH OF ANALYTIC FUNCTIONS 


(VIII 


25. 6 An extension of a theorem of Iyer. Here we use the method of §23 on 
another problem. 

Theorem XLJI. 7 Let {z n j and {w„j be two sequences of complex numbers 
such that 


lim " = D, > 0, lim — = !>»> 0, 

n—*oo Z n n-*oo W n 

and for some d > 0, 

I Zn — z m | ^ | n — m | d, | w n — w, n | ^ | n — m | d. 

Let f(z) b( an entire function such that 

(25.01) f(±z n ) = 0(1), f(±iw n ) « 0(1), * n- oo, 

and 

(25.02) lim sup lo £ l/WJ = k < *(D\ + Dl) m . 

|*|-oo |Z| 

Then f(z) is a constant 

That the theorem is best possible follows from considering f(z) — 
sin rDiz sinh vD# with z n = n/D\ and w n = n/D s . 

Proof of Theorem XLII. Let 

(25.03) a — irDi , b = irlh , a = tan ~ l a/b, 

and let 

Then Fi(z) and F 2 {iz) satisfy the requirements of Theorem XXXI and thus 
we have 


(25.04) 


_1 

F[{±Z n ) 


= 0(e' M ), 






8 Cf. Levinson. Integral functions bounded on sequences of points, Duke Mathematical 
Journal, vol. 4 (1938), p. 170. 

7 Iyer proved this theorem for real sequences [ 2 „| and |ie„| with (25.02) replaced by the 
more restrictive condition 


k < v min (Di , Df) 

or else with (25.01) replaced by 

l0g|/(±2 n )| .. log | f(±lWn) | 

lim , = — oo, lim-.-. — — «. 

«-oo S) *•» | n-eo | W n \ 

V. G. Iyei, On the order and type of integral functions bounded at a sequence of points , Annals 
of Mathematics, vol. 38 (1937), p. 311. 
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Fi(re'*) — 0 (exp {nr | sin 6 | + er|), 

Ft {re* 9 ) = 0 (oxp {&/• | cos# | + er)) ; 

(25.06) = ^( exp 1 ~" ar I sin e I + «■}), | 2 ± z n | ^ id. 

1 


Ft(re'*) 


— 0 (exp {— hr | cos 6 j + er|), | z ± iw n | ^ \<l. 


(25.08) 


(25.07) 

For 7 > 0 let 

= _ /to_ yf(z n ) exp{(g - g w )(- b - ib 2 / a + 7 ) 1 

* Uz)Ft(z) 1 F[(z n )F 2 (z n )(z - g n ) 

_ ^ itO exp { (2 j- w n )(- jfl - aV6 + * 7 ) I 
1 Fi(— uv n )Fi(— iw n )(z + iw n ) 

The series converge by (25.01), ^25.04), (25.06) and (25 07). For any e > 0 
and small 8 > 0, 

^(rc' (a i} ) = 0 (exp { — (a sin (a — 6 ) + b cos (a — 5) — k — ejrj 
(25.09) -f oxp j — (b — 7 )? cos (a — 8) -f- ( b 2 /a)r sin (a — 5)} 

+ exp {(a — 7)7 sin (a — 5) — (a 2 /b)r cos (a — 5)}). 
Since tan a = a/b, simple calculations give 

a sin (a — 5) + b cos (a — 8) — (a 2 + b 2 ) l,i cos 5, 

— b cos (a — 5) + ^ sin (a — 8) = — (a 2 + b 2 ) 112 - sin 8 } 


a sin (a — 8) — a cos (a — 5) = — (« 2 + l 2 ) 112 ^ sin 8. 

b b 


Thus (25.09) becomes 

*(re’ <a, ~ 4) ) = 0 (exp {-[(a 2 + & 2 ) 1/2 cos 8 - k - e]r} 

(25.10) + exp { 77 * — ( a 2 + b 2 ) ll2 (b/a)r sin 5} 

+ exp { 7 r — ( a 2 + b 2 ) ll2 (a/b)r sin 5}). 

There is no essential difference between the eases a > b, b > a. Here we 
assume that a ^ b. Then if 

V = + b 2 ) ll2 b/a, 

it follows that 

p £ (a 2 + b 2 ) m a/b 

and (25.10) becomes 



124 


H\TK OF (JllOWTH OF \WLYTIC FUNCTIONS 


IVII1 


^(rc tla l) ) - 0(p\p {- (o 2 -4 b 2 ) il2 r cos S 4 (k f c)rj 

(25.11) 

•f exp { 7 ;* — pr sin $|). 

Let us choose e = £[(a 2 4- 5 2 ) 1/2 — k]. Then since (a 2 4- b 2 ) 112 > k we can 
choose 5 > 0 so small that 

(a 2 4 - b 2 ) 112 cos 5 — k — 6 > p sin 8. 

Thus (25.11) becomes 

\f/(rc t<ot 6) ) = 0(e yr - pr " ni ). 

We now introduce a small ij > 0 and take 7 = 77 sin 5. Then 

(25.12) *(rc ,( “ 4) ) = 0(c“ (p_,) ,lni ). 

Similarly 

(25.13) yp{re x{ rlaU) ) = 0(e~ (p_,) ,m4 ). 

From (25.08), ^( 2 ) is analytic and of exponential type for - f 4 a < am z < a. 
But by (25.12) and (25.13), 

(25.14) +{zy“~' a{p - n) 


is bounded along the lines am 2 = a - 8 and am z = — r 4 a 4- 5. Thus by 
Theorem C of Phragmen-Lindelof, (25.14) is bounded in the entire sector 
— tt 4- a 4- 5 ^ am 2 ^ a — 8. In particular then it is bounded for am 2 = 0. 
Thus 


t(x) = Oe (p ,)l8ma , 

Recalling p = (a 2 4- b 2 ) ll2 {b/a) and (25.05), this gives 
t(r)Fi(x)Fi(x) = 0(exp {\b 4- * 4- v ~ (« 2 4- b 2 ) xu b sin a/a\x\). 
Since (a 2 4“ b 2 ) 112 sin a = a, this becomes 


(25.15) +{x)F x (x)FM = 0(c ( ‘ t,?) ' r ), 

But by (25.08) 


/to = MFMFAx) 4- F 2 (x)e- (b y) 


**,/. f>/(2n)Fx(x)^ ( ^ N<>8/a) 

1 Fl(2 n )F 2 (2 n )(x - 2») 


X —» 00 . 


X —> CO . 


X —> CO. 




1 /<’l(- lW,)F' t (.~ iWn){x + jt»„) ’ 


Using (25.15) and (25.05) and recalling that a 6 b, this gives 

'.**> f(x) = 0(e ( " ,+,+T ”), x-. co. 

But 7 = t) sin 5 and c and r\ can be chosen arbitrarily close to zero. Thus re- 
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defining £ we obtain f(x) = 0(0, (x -►or), for any x. But f(-z) possesses 
the same properties as f(z). Thus the result holds for negative x. That is, 

(25.16) /Or) = 0(e‘ N ), |*|->«o. 


lim sup Io ? li^l! = 

ivi | y | 

then it follows from (25.16) and Theorem 0' of Phragm&i-Lindelof that 
f{z) = 0(e er ' ,ia9l+tr ). 

But by Theorem XXXII since 0 2 > 0, 

c = lim 8 up l0g if ± O- 

»-« I W n I 

Thus c — 0 and 

(25.17) f(z) = 0(c ,ui ). 

Let z = —z n and W- n = —w H . For any N > 0 let 

rr (z) = f _fW_ 

/ ^ "* W - F[{z n )F,{z n ){z - Zn) 


_ f N (j w n ) 

-• Fi(iw n )F 2 (iw n )(z - w„) ’ 

where the terms ?i = 0 are omitted from the sums. By (25.06) and (25.07) 
the series converge and //*(£) is of exponential type. Also by (25.06), (25.07), 
and (25.17) 

//v(±rc ± “ < ) = + 1/r). 

Since € can be taken arbitrarily small, it follows that 

(25.19) H N (±re * ia ) « o(l), r-> ®. 

Thus //at(z) is bounded on the lines am z = ± a, =fc (it — a). Thus by Theorem 
C of Plmtgmen-Lindelof, it is bounded in the entire plane and therefore a con¬ 
stant. But by (25.19) this constant must be zero. Thus (25.18) becomes 


F[(z.)F t (z„)(z - z.) 

(25.20) 

+ V_ J 

=? FAiwJF', 

By (25.01) there exists an M such that 

|/(±Zn) | M t \f(±iw n ) | £ M. 


r N (iw n ) _\ 

\(iw,)(z - iw n )/ 
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Thus by (25.20) there exists a C > 1 independent of N sueh that 
| f{z) | ^ CA/V fl,, ' )r 
or 

| /(*) | £ CMe {a+b)r,N . 

Since N can be chosen arbitrarily large, it follows that 

I /« I ^ CM. 

But this means f(z) must be a constant. This completes the proof. 



CHAPTER VIII 

AN INEQUALITY AND FUNCTIONS OF ZERO TYPE 

26. Generalization of a problem of P61ya. In this chapter we shall prove an 
inequality and show how it leads to a considerable extension of results of P61ya 
on functions of zero type. The inequality is 

Theorem XLIII. Let M(x) be a positive even Junction monotone decreasing for 
increasing | x | . Let M(x) —> as x — > 0. Let f{z ) be analytic for (| x | 5* a, 
| y | S b) and let 

(20.01) | f(x + iy ) | ^ M(x), | x | ^ a, | y | ^ b. 

If 

(26.02) [ log log M ( x) dx < <» f 

Jo 

then there exists a constant C, depending only on M(x) and 8 such that 

(20.03) |/(jt + iy) | ^ C, | J-1 S a, |*| £ 6(1 - «). 

Wo shall show in Chapter IX that Theorem XLIII is a best possible result. 1 
The problem of P61ya which we shall generalize here is the following: Let 
G(z) be an entire function such that 

(26.04) lim sup j®>?) I g o. 

|*| -* 60 I 2 I 

If as n —> oo 

(26.05) G(±n) = 0(1), 

then G(z) is a constant f 

Roughly what we shall show' is that instead of G(dtn) = 0(1) it suffices for 
G(±\ n ) = 0(1) 

where |X„} satisfies the requirement 

X "- n = 0 ((logV*)’ 

This restriction on {X„} is only a little more st ringent than 

1 The results of this and the no\t chapter are sketched in Abstract 472, Bulletin of the 
American Mathematical Society, vol. 44 (1038), p. 780, and in Abstract 141, loe. cit., vol. 
45 (1939), p. 236. 

2 This problem was set by Prtlyu, Jahresbericht dor Deutschen Mathematiker-Vercin- 
igung, vol. 40 (1931), Problem 105. Many solutions have been given. 

127 



128 


INEQUALITY AND FUNCTIONS OF ZERO TYPE 


IV1II) 


lim - = 1 . 

n—*oc An 

However we shall show that G(z) can satisfy 

G(±K) = 0(1) 

where 

X *~ n = °(l0R«)’ 

and yet not be a constant. Here again 





Thus for {A,,} merely to have a density I) > 0 is not enough for the validity of 
our results. This result deviates very much from existing density theorems in 
that it goes as far as it does and yet need not be true for a set {A„j having a 
density D > 0. 

In order to illustrate the method of this chapter, let us use it to prove the 
original result of P 6 lva, that is, G(z) is a constant if (20.01) and (20.05) are 
satisfied. 

Proof. For any integer N > 0, let 


(26.06) 


„ , v 1 r -a 

Hs{w) = —. / .- 'e dz , 

2i J- ta0 sin 7 rz 


where w = u + iv. Equation (20.00) can be* written as 

(26.07) //»(«.) = I f e*'" dy. 

2 J-oo sin my 

Since by (26.04) for any t > 0 

yG N (iy) _ 

sin my * 


i»i-» 


it follows from (20.07) that H N {w) is analytic in the strip (— « < u < <*, 
| v | < *■). Again by (26.04) the path of integration in (20.00) can be closed to 
the right if u < 0 and to the left if u > 0 for | v | < r giving 


(26.08) 


- Z (-1 r'nO't—»)«-", 

n~l 

H„M = £ (— 1)" _1 nG"(.n)e"“, 

*—1 

'r* s * 


From (26.05) it is clear that with no restriction we can assume 


u> 0 . 

u < 0 . 


| G(±n) |^1. 
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Thus by (20.08) 


I IInM I s £ ne~" M . 

1 

Or 

(20.09) | H*{w) | ^ 10 /u\ 

Sotting M{u) — 10/ u\ il follows from Theorem XIJII that for some C > 1 and 
independent of N, 

I/Mu) | ^ C, |u| <1. 

Combining this with (20.09) for | u | ^ 1, 

(26.10) |H»(u)| S 


Applying the Fourier transform theorem to (20.07), 


By (20.10) this gives 


illO'by) _ 1 r, Uu y». (tu , 

Sill Tllf 7 T J- oo 


I iy® N Jjy) 

| sin my 


^ 20 C. 


Or 


Letting N —■> « 

(20.11) | G(iy) | g 1. 


It follows from this and (20.04) by Theorem C of Phragm£n-Lindelof that 
G{z)e tz is bounded for x ^ 0. But !>y (20.11) and Theorem C of Phragm&i- 
Lindelof it follows that 


| G(z)e~ tz | £ 1, x ^ 0. 

Since e is arbitrary it follows that | G{z) | ^ 1 for x ^ 0. Similarly this holds 
for x ^ 0. Thus G{z) is bounded and must be a constant. 

In the general proof we shall give later, the only real change is that M(u) 
instead of being 10/u 2 as here will be much larger at u = 0. The precise state¬ 
ment of the generalization of Pdlya’s result is given in the following theorem. 

Theorem XLIV. Let G(z) be an entire function of zero type; that is, 

( 26 . 12 ) limsup I g o. 

i«i-» \ z \ 
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Let {z«| be a sequence of complex numbers such that if z n = r„ c ,fl ", 

(26.13) r„ +1 - r„ ^ 1 /t(r n ) 

where t(u) < u m is 3 a non-decreasing function of u. For some D > 0 let 

(26.14) \n- r n D\£ r n 0(r n ) 
where 6(u) is a monotone decreasing function such that 


1Og 0(4iT) + tM f du < 00 ’ 


(28.15) l" e ^{ ] 

and such that 6(u)t(u ) is monotone decreasing. If 

(26.16) G(±z n ) = 0(1), 
then G(z) is a constant. 

In particular if r„ + i — r„ ^ d then (26.15) becomes 

r 9(u) , 1 . ^ 

/ l°g at a \ du < 

Ji u 0{\u) 

This condition is satisfied if 6{u) = l/log 1+ *w, 5 > 0, for large */. 
It will be shown in Chapter IX that if 


f £(^) dw = 


then Theorem XLIV does not hold. Thus (26.15) falls short of this necessary 
condition by the term log l/0(4u). It is possible to replace (26.16) by 

G( A n ) = 0(1), G(-n n ) - 0(1), n oc, 


for two positive sequences {X„} and {/u„} obeying restrictions similar to those on 

{*»). 

The relationship between Theorems XLIII and XLIV is brought out by the 
following theorem from which Theorem XLIV is derived. 

Theorem XLV. Let G{z) be an entire function of zero type. Let {X„j satisfy 
the inequalities 


(26.17) lim inf ^ = D > 0; lim sup ~ < «. 

n—*oo A r n -*oo An 

Let 

Let 


* $ is of no special significance here. 



[2C] 

(26.18) 

If 

and 


(JENEQUALIZATION OF A PROBLEM OF POLYA 

M(U) = ? | A"(XJ1' 

«(±X„) - 0(1) 

/ log log M{u)du < <x>, 

Jq 
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then G(z) is a constant . 

Wo shall show in Chapter IX that this theorem is best possible. 

We shall first prove Theorem XLV and use Theorem XL1II in so doing. We 
require the following lemma. 

Lemma 26.1. Under the hypothesis of Theorem XLV there exists a sequence 
{ x n ), *n — 3 ► 00 , such that 


(26.19) 


n±,. + m - 


for some A ami 

(20.20) | h\x + iy) I 6 (V"" 1 , 

for some B > 0 and Co > 0. 

Proof of Lemma 26.1. ( Men rly 

I F(x + iy) | 6 fr 11 - £ I = ( II n II ) I 

11 An | \X„gx/2 x/2<X„<2x X B £2z/ | 

Since 1 - n > e -10 “, u < and since* 


I y I > io | * |, 


'A 2 n r 


|A 2 n 


1 I > 1, 


An = 


we have 

(26.21) 

But by (26.17) there exists some D\ such that 
(26.22) 

and also some D% such that 


| Hx + w)\ ^ II 1 “ II 

x! 2<X„<2z An X n j>2x 


I,?! 

A n n 


-10 


1 

Xn 



n 


(26.23) 
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ThuB for large z 


II S exp 

^ exp 
^ exp 


y* 10x 2 jD 2 1 

l *ni** n 1 ] 

I-IO^DI E 1} 

10x 2 £)1 £ £ <f 10 ' Di "\ 


And (26.21) becomes 

in* + iy) 1 a• t 10 *" 5 "’ 1 n ! 1 + ^11-V- 1 

xt 2<X„<2* | A b | I An „ 

Taking x > 0 this gives 


(26.24) | F(x + iy)\-z e~'° lB ' IB ‘ II 

*/2<Xn<2* A n 


Clearly 

Am n-=l I X n I 

where the prime on the products denotes the omission of the term n — m. 
This becomes, for large m, if | \ m — x | 1, 


1 n\ m ) 1 ^ II £= 

Xft^x/2 A n 


II' 

*/2<X B <2z 


1 - 


XL 

An ‘ 


Using (26.22) and (26.23) this becomes 

moo is n -if 2 n' u-M 11 3 

n/Ojgx/2 Tl x/2<X n <2x | A n | n/D 2 <'ix 

< ^2^* o 2*»2 TT' I An ~^A W I 

~~ r 2 (l + $xDi) */2<X n <2x I A n I 

Using Stirling’s formula there exists some Ai such (hat 
(26.25) |nOO|Se x " IT 

*/2<X n <3* I A n l 

If | Afc — x | is a minimum for k = m, then 

| A„ - X | £ | | A rt - \ m | , 

for otherwise | A* — x | would be a minimum for k = n. Thus from (25.24) 
and (26.25) ;#\ * 

I /'X* + iy) I £ | r(X») | I I II J. 

I Am I x/2<X„<2x 
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Or for some A s 

(26.26) | F(x + iy) | £ <f'■* | F'(\ n ) || X m - * |. 

By (26.23) there exist an infinite number of X m , {X m J such that 
X„ B+ 1 - X^ ^ 1 /D 2 . 

For such Xm_ let 


Xn = \m n + min {1, £0u n +i - *«.)!• 

Then by (26.26) 

(26.27) | F(x n + iy) | ^ | F'(X W „) | min (1, 1/2D 2 ). 

But by (26.18), since M(u) < « for all u ^ 0, and in particular for u — 1, 
| F'(\ m ) | > <f x " 


for all large m. But X mn ^ 2x n . Thus (26.27) becomes 

I H*. + iy)\i min (1, 1/20,)- 


Since F{z) is even this gives (26.19). 
Clearly 


log | F(x + iy) | = 2 log 1 


( x + iy f | = 

X 2 , 




x; 


If | y | > 10 | x | , this gives 

log | F(x + iy) I ^ fl log ^1 + . 


By (26.22) 


log | F(x + iy) | 





2 n 2 / 


= log 


sin irDiiy/2 112 
icDyy/Vi* * 


(26.20) follows ciisily. 

Proof of Theorem XLY. By (26.20) and 

(26.28) <?(*) = 0(e* |!| ) 

there exists, for all integers N > 0, 


(26.29) 

and 


b ’M-LL 

HAu + iv) SC £ 


too 

too 


G"{z) 

m 


dz, 




dy, 
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for some C. Since e is arbitrarily small, it follows that H N {w) exists in the strip 
(—00 < u < oo, | v | < B). Similarly this holds for Hs(w) and thus Hn(w) is 
analytic in the strip. 

By Cauchy's integral theorem, for large u > 0 


1 / /•— *n H0** b «— 10tx„— x„ flOtx n 

+ +1 

Itn \JL* B _10tx n •'10IX*-* 



*L 


\G%,) 

J F(t) 


e"dz+ D 


G"(- 


cs. n-xo 


X*) -«x, 
6 


Or, as n —♦ oo, using (26.19), (26.20) and (26.28), 


- s - - off 

P K — *k> \J- it 






+ e"*"* dz + f“ e""''* 1 ' dy) 




—(u-iiat*— it)** X n 

+ B=W' e 


I0* n 
(lOa-HATi)*, 


)• 


Thus for « small and u > lliVe + A , letting n —» oo 

n (u) - y G "(~^ -«»» 

//,(«) - z rr _ xt) « ■ 

By (26.18) and fr(±X*) = 0(1) it follows that the scries above converges for 
all u > 0. Since II * (w) is analytic it now follows that 

= t 

With no restriction we can assume that | (?(±X n ) | ^ 1. Thus for u > 0 

(26.30) | II K (w) | S Z j j = MM. 

Similarly this holds for u < 0. From (26.30) it follows that independent of N 

(26.31) II N (u) = 0(p“ (,/ 2)M|m| ) , | u | -> oo. 


From (26.30) it is clear that Jl N {u ) is bounded away from u = 0 independent of 
N. We shall now show that this is also true around u — 0. 

Since II N (w) is analytic in the strip | v | < B it certainly is analytic in the 
square 

* (M *iB,\v\ z -m. 

Since in this square 


\H n W\4 M(uY 
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it follows from Theorem XLIII that there exists a constant C\ independent of N 
such that 


I H n {u) | <S C lf 

This combined with (26.30) and (26.31) gives 

(26.32) |tf*(u) 1 £ C 2 e~ a/2)Xl|u| 

for some C» independent of N. 

By the Fourier transform theorem (26.29) gives 

G"(iy) 


F(iy ) 


S-L***-" 


du. 


Thus by (26.32) 


Or 


£ C* [* e~ (l/milvl du £ 

F(iy) i- 


4C 2 

Xi 


1 G(iy) | ^ 


4 r a 11N 

F(iy) . 

Al 


Letting N —> », this gives 


I G(iy) 1^1. 




By the same Phragm&i-Lindelof argument that follows (26.11) this leads to the 
fact that G(z) is a constant. 

27. Proof of the inequality. We now turn to the proof of Theorem XLIII. 
We shall use the following lemma. 

Lemma 27.1. Let M(x) satisfy Theorem XLIII. Then there exists a function 
<P(z) analytic except for z = 0 such that for any b > 0 there exists a Ci(5) > 0 and 


(27.01) 

Moreover 


I Hz) | 6 C,(i), 


y >6. 


(27.02) 




along some cusp symmetrical with respect to the imaginary axis , with vertex atz = 0 
and opening along the positive imaginary axis , and 3>(z) is continuous inside and 
on this cusp. 

We shall use this lemma to prove the theorem and then prove the lemma. 
Proof of Theorem XLIII. Let $(z) be defined as in Lemma 27.1 and let 
$i(z) = $(z + h), $i(z) « $(b - z). 
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Lot R be the region bounded by two cusps (congruent to the cusp of Lemma 
27.1) and two parallel lines as shown in Fig. 3. Lei the y coordinate of the 



point P be b — 8 y (8 > 0), and the x coordinate be x a > 0. Since $( 2 ) is analytic 
away from z — 0 

1*001 <m 1*1 

for some A($) > 0. By (27.02) on the cusp portions of the boundary of R 
I 4>i(z)4> s (z) | ^ A(8)/M(x), 


and on the parallel lines portion of the boundary of R 


Recalling that 


I $](z)<J> 2 (z) | ^ A\8). 
1/(0 I ^ M(x), 


\x\ £ a,\y \ £ b, 


it follows from the above three inequalities that 

(27.03) |/(0*i(z)**(0 | ^ A(8) + A\8)M(x 0 ) 

on th<* boundary of R. Moreover /(z)$i(z)4> 2 (z) is continuous inside and on R 
and analytic inside of R. Thus by the maximum modulus theorem, (27.03) 
holds inside of R. Therefore if | y | 2 * b — 8 and | r | ^ x 0 , 

1 tt,\ I <AW + < Ms) + 

CHIT' • 

Also for a ^ x > xo t |/(z) | £ M(x 0 ). Thus 
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(27 | 


1/(2) i s —+ MU), M s a, I !/1 s b - a. 

But this proves Theorem XLIII. 

In certain cases the existence of $(z) is easily shown at once. For example if 
M(x) = e» lK2xlo * tx) f 
then it can be easily shown that 

$( 2 ) = e~ 9 * ll * 

satisfies the requirements of Lemma 27.1. However to prove Lemma 27.1 for 
any M(x) is somewhat laborious. We require the following lemma. 

Lemma 27.2. (riven a positive monotone increasing function N(u) such that 

(27.04) N il2 (u) > N'(u) > N ll2 (u), u-> <*, 

there exists an entire funtion P(z), (z = x + iy), such that 

(27.05) 9f F(z) 2; exp jj^JV(u)d«j 

for 

(27.06) I y | S l/N(x). 

Proof of Lemma 27.2. Since N(u) is increasing and since N'(u) > N ll2 (u ), 
for large u, N'(u) > and therefore N(u) > uN 1/2 (1) — const. Thus 

lim N(u) — 00 . 

M~*00 


Let r?(it) be the inverse function of N(u). Then since N'(u) > 0 and N(u) —♦ <» 
as u —> oc, it follows that ?i(u) is monotone increasing and n(u) —► « as u —> . 

Let 

(27.07) g(u) = 1 f n(v) dv. 

u Jo 

Then g(u) —> °o as u —> °°. Also 

o'M = n(u) - l /“»(,) d, 2 n( “> - fdv = 0. 

Thus p(w) is monotone increasing. Using (27.07) and differentiating ug(u) gives 
(27.08) n(u) - g(u) + ug'(u). 

Let 

F(z) = j* r” “ B(u) du. 
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Since g(u) —* » as u —* «, F(;z) is an entire function. Let z = x -j- iy. Let 
v = u/N(x). Then 

F(z) = Nix) £ exp [iY(x)(t>z - vg(vN(x)))] dv. 

Let 

Fi(z ) = exp [iV(z){w: - vg(vN(x)) - N(x)g'(N(x))}] dv. 

Then 

(27.09) F(«) = F x (z)N(x) exp [tf*(s) 0 '(JY(x))]. 


Let v = 1 + t. Then 


(27 10) Fl ^ = Li CXP W 1 + 0 - (1 + 0,1(1 + 0*(s)] 

- N(x)g'(N(x))\] dt. 
Let 

(27.11) h{t) « -tf(*){*(l + 0 ~ (1 + 0,1(1 + t)N(x)] - N(T)g'(Nix))}. 
Differentiating 

h'it) = -N{x){x - ,[(1 + t)N(x)] - (1 + 0,'[(1 + t)N(x)]N(x)}. 

Using (27.08) this becomes 

(27.12) h'(t) - -Nix){x - n[( 1 + O^MD- 
Differentiating again 

(27.13) fc"(i) = JV 2 (aj)n ; [(l + f)JY(*)]. 

Using w(iY(a;)) = x and (27.08), 

A(0) = 0, h\ 0) = 0. 

Thus 


(27.14) hit) = f it — v)h"iv) dv. 

Jo 

Using = niv), v = Niu) and (27.04), 
v m n'(v) = : 


N\u) 


> 1 , 


Setting y « (1 + t)Nix) it follows for sufficiently large x that 
\l+ t) w N w (x)n'[(l + l)N(x )] > 1, 


U —> 00 . 


< £ 


Using this in (27.13) 
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(27.15) 


k"(t) > 


N ,n (x) 


tfe -i. 


(27.16) 


N u \x) [‘ . . 

(r+i«i)>«l ( ^ " 


(i + o s ' 2 ’ 

for large x. Using this in (27.14), 

n w (x) e 

~ (1 -+-1 <|) 3 « 2 ’ 

Since, by (27.13), A"(I) > 0 and since h'( 0) = 0, h'(l) < 0 for t < 0. Thus 

W) i *(-!), (S- h 


t 6 -J. 


Using (27.10) with * = 

— i, this gives 

(27.17) 

h 

^loo 

1 

*5 

All 

for large z. 

Let 


(27.18) 

T = N~ m (x) 

and let 


(27.19) 

i '=U’ + 0 etl,>dt 

Then by (27.16) and (27.17), 

h S 1 



= 2 fe-" UHrU ' l, <n S 


IS -i. 


Integrating 

/j < * 1/2rJ / 8 

~ T 


Using (27.18) and (27.19) 

(27.20) (£' + </< g 87V "“(*)<■-*''* (,)/ “ < ^ 

Again using (27.10) 

jV‘“> d! s j"dt. 

Setting t = s 2 and integrating by parts 


.r —> oo. 
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(27.21) f t <f‘ <B dt £ 200c' KU ' MI ' < 2N l~ {x) , r -* ». 

We now obtain another inequality for h(t). Letting u = n(v ), y = N(u) f 
and using (27.04) 


1/2 // \ iv v**; . t 
v n (v) = < 1, 


Using v i Z n'(v ) < 1 in (27.13), 


h"d) < -— 


(i + tyi’N'i’ix) ’ 


for large .r. Thus for 1 1 1 < } 


Using this in (27.14) 


Therefore with r = N m (x) 


h"{t) ^ 2N m (x). 


h(t) £ t 2 N v \x), 




Setting s = tN m (x) it follows for large x that 




IM < !»*■ 


e"' ds ^ 


10iY 8 '<(j)' 


By (27.20) and (27.11) 


™ - £ 


c -*«> dt. 


SRWz) S 


J [ COS {y(/ -f 1 )A^(j)) c * (0 d< “ (/j + / ) r 


Using (27.20) and (27.21) 

9tf\(z) £ £ cos + l)iV(x)} c“ M<) dt - ^ . 

For | y | ^ l/iV(a-) and for large x 

cos {y(/ + 1 )iV(a:)} ^ cos (1 -f r) > cos ir/ 3 = \ t | ^ r. 


««»i£ 


<f M ‘ } dt - 
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Using (27.22) 

ml ' ‘ (Z) ~ 20iV 3,4 (x) " N“(x) > 25N w (x) ’ * °° ’ 

for | y | g 1/N(x). By (27.09) this gives 

(27.23) 3tf’(z) £ ,'„iV , 'V)e'' ,< ’ ) '' < * w) , MSI /N(x). 

Since g 

g'(v) = - - f n(t ) dt, 

v v 2 Jo 

1 ~N(x) 

Setting ft(7) = u, l = jV(a), 

Integrating by parts 

Using this in (27.23) and recalling that N(x) —> x as x —> oo, 

9tF(z) ^ exp jj JV(a) , | ?/1 ^ 1 /N(x), x—*cc. 

This completes the proof of the lemma. 

Proof of Ja mma 27.1. With no restriction we can assume that log log M(x) > 
0. Let 

(27.24) m(y) = ^ 2 log log M{\y) 4 . 

Then m(y) > 0 and 

(27.25) f m(y) dy < °o. 

Jo 

Let 

/•1/m 

(27.26) 7(«) = / m(j/) dy, u > 0. 

Jo 

Then y(u) is a monotone decreasing differentiable function of v, and from (27.25) 

(27.27) lim y(u) = 0. 

U —>00 

Let T(u) be the inverse function of y(w). Then T{u) is monotone decreasing 
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and differentiable and by (27.27) 

lim T(u) = *>. 

u -*+0 


Let 


Then 


N(u) = c~ u r(e~ u ). 

N m (u) _ 

N'(u) - T(e~“) — T'(e-‘)e- u ' 


Setting c ' = i> 


? N 3U (u) 


2 T m {v) 


lim inf - = lim ini , «v \ • 

«-.« iV'(tt) „-+o rT'(r) + T(e) 


Setting v = 7 (a), u = 7’( y ), and recalling (27.26), we have 


(27.28) 


r ,iV ,/2 (i/) . , -7 in Mu m „ , 

h “ ^ " 7( ») + HTTv) 7 (,<) 

= lira inf '* m ^ /«)« 

«-* /o 7 “ »«(?/) dy - (1 /«)*»(! /«) ‘ 


Since m(i/) is a decreasing function, the denominator above is positive. Thus 

lim inf ^ S lim inf ^y)dy)'^n(l/u)u * 
h-»oo N (u) w-w J 0 m(y) dy 

, ■ , v 1,2 m(v) 

1-+0 (Jo m(y) dy) 

Since w{y) is integrable ( 0 , 1 ) it follows that 

lim inf ^i T jy U ) ^ lim inf v l/2 m(v). 
u -00 N (U) „-+0 

From the definition of tn(v) this gives 

lim mf — r77 , ^ 2 . 

«— AT'(w) 

This proves part of the inequality (27.04). Incidentally it also follows from 
(27.28) without taking the limit as u —> *>, that N'(u ) ^ 0 , (w > 0 ). The other 
part of (27.04) i\e now prove. Just as in (27.28) 


(27.29) 


r N il2 (u) 

hD ^^(u) 


= lim sup 


u m m(l/u) 

(Jo /w m(y) dy) m Qo u m(y) dy - (l/w)m(l/w)) ' 
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Bui by (27.24) since M(y) is decreasing 


m(y) - m(l/u) ^ - lT „ - 2u m , 


Thus 


y' 
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0 < y < 1/w. 


f f {m(y) - m(l/u)\dy 

Jq V Jq 

- C 2 (;y'»- uW ) dy= ,%■ 

Using this in (27.29) 

N m (u) i / / r 1/u \ 1/2 

u “i" p wui) su “™ p 2 ,7a m(1/u) /\ u i m(y)dy ) ■ 

Since m{y) is decreasing 

/• l/M 

a / m(y)dy ^ m(l /u). 

Jo 


Thus 


'™ ™ p *'(„) = li T.: up 2 U ^ m ’' 2(1/, ' ) - 


Or setting u = \/v t 
(27.30) 

But 


lim sup = hm sup £ {?>ra(c)) 1/2 . 


[ m{y ) dy ^ m(v) [ dy = $vm(i'). 
Jvn Jv/ 2 


Since m(i/) is integrable it follows on letting t> —» 0 that 

lim rra(y) = 0. 

V—+0 

Thus (27.30) gives N lf2 (u) ^ iV'(w) for largo a and this completes the proof 
of (27.04). 

It now follows from Lemma 27.2 that there exists an entire function F{z) 
such that 

I y I ^ l /N(x), 


{I" w 4 


9fF(j + iy) ^ exp 
where N(u ) = e~ u T(e~ u ). Let 

/("”) = K l0K i)- 


Thus s + iy ■ log 1/r — z'0 and 
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a lo«l ir } 1 

JV(h),, 7 - 191 S Wogl/r)' 


But iV(log 1 /r) = r'Y(r). Thiib if we set u - log 1 /f above, 


9f/(re ,# ) 6 exp T({) «/*}, | 0 | £ 1 /r^r). 


Lot n' 6 = h + in. Then r — ( u 1 + " 2 ) 1/2 and 


9i/(« + »') £ exp {/ V(i) r/fj, | rfl I g 1 /T{r). 


But for small 0 , | 0 | ^ 2| sin 0 |. Since r sin 0 = r, it follows that 


Wf(u + «’) ^ exp jj h'l = 1/2T(r), ?/ > 0. 

Since 7 is the inverse function of T, 

(27.31) 5)t/(a + ?V) ^ exp ^ > ly'(f) dt'j , r ^ 7(1 /2| ? |), a > 0. 

Since 7 and T are decreasing, if r = 7(1/21 v |), 

rK l) /•r[>(l/2|»|)) M/ 2 |p| 

/ <7 # (f) (it — — y'(t)t dt ~ — I y'(t)t dt. 

J 7(r) •'7 (1) •'r(l) 

But 7 '(J) = —w(l/t)/t 2 . Thus 

fT( 1 ) ri/ 2 |»l J/ 

I *y'(0 d/ = / m(l//) — , r = 7(1/21 ?’ |), ii > 0. 

■'7(0 * / (i) f 

Setting i — l/£ and taking | | small, 


/•7(1) 1*1/ 7 (1) 

/ *t '(0 dt ^ / m(£) 

•C 7 (n •'2l«l 




= log 2m(4| e |). 

Recalling the definition of m{v), 

log 2w(4 | v |) > log log M{v). 

Therefore 


rUD 

/ ty'(t) dt > log log M(i »), r = 7 ( 1/21 w|), n > 0. 

J 7 (r) 


Thus (27.31) becomes 


Vlf(u + w) ^ log iW(y). 
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Let z = iw and let $( 2 ) = c f{w) . Then by the above inequality 
(27-33) l-K*)! £ |z | = 7(1/2| x\),y> 0. 

But y{u) —♦ oo as u —> 0. Thus 

1*1-7(1/21*1), 2,>0 

is a cusp-shaped curve with vertex at * = 0 and opening along the positive 
imaginary axis, y > 0. That $( 2 ) is continuous everywhere except at 2 =0 
follows from the fact that it is analytic every where, except at z = 0 (and at 
2 = 00 ). By (27.32), since v —> 0 as r —> 0 it follows that 

rTW 

lim / ly'(t) dt = 00 . 

r-»0 •'T’(r) 

Thus by (27.31) 

W/(a + iv) -+ «, r —> 0, r ^ 7 ( 1 / 2 1 v |), u > 0, 

and therefore <£( 2 ) —> 0 as 2 0 inside or on the ensj). Thus in and on the 

cusj) 4>(z) is continuous. This proves (27.02). Since 

| <*>(2) | ^ e“ ,/( - M)| 

and f(z ) is analytic everywhere except at 2 = 0 (and 2 = <x>), (27.01) follows. 
This completes the proof of the lemma. 

28. Proof of the theorem on functions of zero type. We shall now prove 
Theorem XLIV and also prove as a corollary the following theorem. 

Theorem XLVI. Let g(z) be analytic in the entire plane including infinity 
except at z — 1. Then by modifying g(z) by at most a constant , 

(28.01) g(z) = E «nz", 1*1 < 1, 

0 

-l 

(28.02) ff(z) = -Y,a„z", I * | > 1. 

—00 


Let { m n } be a subsequence of th( positive integers such that, for some 1) > 0, 
(28.03) | nij) — n | £ m n 0(m n ]) 


where 0(u) is decreasing and 


9 6{u) - 1 , ^ 

- log ryj-r dll < 00 . 

u 0(4n) 


If 

(28.04) 

for some integer K, then 


a±m n = 0(m K n ) 
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jr+i 4 

(28.05) g(z) = Z 

That (28.03) cannot be replaced by 

lim — = Z) > 0 
»-*8o m n 


will follow easily from the* fact that this cannot be done in Theorem XLIV. 
Proof of Theorem XLIV. Let 

G l {z) = G(z)G(-z). 


Then G\(z) is of zero type and by the Hadamard product theorem, Theorem D, 
since G\(z) is even 

Oi(z) - az lk ft (l - Z l), 

n—1 \ Tb/ 

where k is an integer and {r„} is a complex sequence. Let 
G,(z) = a^n(l - |^ 2 ). 

Then since 


it follows that 

Thus by (26.10) 
(28.06) 


1 i t » i 2 s 1 


| Gz(ztr n ) | ^ | Gi(dtZn) | 


(h (=br„) = 0(1), 


Let the number of | r„ | < u be r(u). Then applying Jensen's theorem, 
Theorem A, to Gi(z) gives 


lim sup J 


r J i u 




2 tt Jo 


Since Gi(z) is of zero type, 


lim - ft* 

r—*oo r J 1 U 


U) 


du = 0. 


Clearly 


lim sup ^ ^ lim sup . 1 . Z log (1 + I -1 ^ 

1*1-00 I Z I |*|-00 I Z I 1 \ I Tn I / 

- lim sup 1 f log (l 4- 1 ~) dr(u). 
r —*oo t Jq \ u y 


Integrating by parts twice 
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lim R„p I 

| r | —oo I Z I 


= lim sup 

r-»«o Jo (w 2 -f- l ) 2 ur Ji v 

= lim mp 1 f' T(v) dv [’ 4 “ Srfu 
r-*» r *1 *t Jq 


(1 + W 2 ) 2 


Thus G%(z) is of zero typo 
Let 




Let A (u) denote the number of r n < u. If a prime on the product or A(u) 
denotes the omission of ih( term r k , then 




(28.07) log | F'(n) | = -log r ‘ + f log 1 - r \ tfA'(u). 

A Jq U* 


Since r n+1 - r„ ^ 1 /t(r n ), 


i _ r * > i _ r ± > _ 1 

rl r n r n t(r k -f 1) 


2r k t(2rk) ’ 


(r fc - 1 ^ r„ £ r k + 1), 


for large k. Also since thoic are less than 2t(2r k ), r n in (r A — 1, r k -f 1), (28.07) 
becomes 


log | F'(r k ) | £ -log * -f 


For <(iz) < u 11 ' 2 , 


(1 + L) 


log 1 - -JdA(u) 


- 2t(2r k ) log {2r*<(2r*)|. 


log | F’(n) | = (jT ‘ + /” +i ) log (1 - rfA(u) + 0(rC). 


Integrating by parts 

log | F'(r*) | = A (r k - 1) log 11 - 




- A (r k + 1) log 1 


(rfc + l) 2 1 
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But, for large k, 
A(r* - 1) log 11 


(* - l ) 2 


I - A (r k + 1) log 1 - 


(r* + l) 2 


^ A(r fc + l)<log 1 


(?k - l) 2 


- log 1 - 


(r* + l) 2 




Thus for some constant C, 


(28.08) log | F'(n) | > - Crl 11 + 


(r+rj 


A(w) 2r* 


Setting v — r\/u 


r ? 2r v». 

Jr,Hi « r; — v 1 Jo rr/v r\ — » 2 


g _ r n 1 

r* + 1 * + r t + I' 


Thus (28.08) becomes 


mif-Mi > -<*»+f '(“? - 


r*'i hl/1, ‘ +1) Afrl/u) 2rl 
r*-i r} — u 2 * 


For large k the last integral above 1 is less than 


(0 + 1) max < (/) + 1) ** < 4(1) + \). 

r k + 1 o<u <rk -i /2 n — u 2 r* + 1 

Thus if Ci * C + 4 (D + 1), (28.09) gives 

(28.10) log |nn) | & -Ctrl 1 * - f‘ ‘| A i^ - A( ^I „ 2r * ./''<■ 

Jo m rt/ it I rt ~ 


Clearly (20.1 ■!) can be written as 


| A (u) — uD | ^ ?*0(7/). 


Thus for u < r k 


J£u) _ Mrl/u) g #(m) + e(r 2 /u) g 2#(lt) 
w 


Also if v > w + 1 , 
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I Afa ) _ \(v) I _ I (v — u) \(u) + w|A(w) — A(w)| 

I w v I I nv 

g A(m) v — u A(v) — A (u) 

~ U V v 

<, V ~ u (y - u)[t(v) + 1 } 
~ U V V 


£ { 2 D + t(v) + 1 | 

Using this and (28.11) in (28.10) 

log I F'(r k ) I £ —CiTk* - 2 I 

- P ' (2D + <W + 1) 


ri-r*«(2r*) 9 2 ✓ 


(28.12) 


(rfc/w) — w 2 r£ 




, du. 


If r k 6(2r k ) £ 1 above, then the second integral above does not appear since the 
range of integration in (28.10) has r k — 1 as its upper limit. Since B(u) is 
decreasing and t{u) non-decreasing, (28.12) gives 


r r*/2 rr*-r*®(2r t ) 

log | F'(r k ) | ^ — Cirl 14 — 8 / d(u) du - 4 r k 6(%r k ) / du 

Jo J r k / 2 r k — u 

fr*-l 

- 2 / {2D + <(2r*) + 1 \du 

J r k -r k t(tr k ) 

i -Cirl 1 * - 8 j( »(«) tin - ineihn) log 

- 2 [2D + t(2r t ) + 11 r t 0(2r k ). 

Or if 


(28.13) 


S(v) = Ctv 1,4 + * *(«) + 49(i») log 

+ 2 { 2 D + t( 2 ») + 1 \d(2v), 


then for some Cs 
(28.14) 


Iok | ^'(r*) t ^ _ sM 
r k 


k £ 1 . 


Since 0(*O and 0 (w)J(w) are decreasing functions, S(u) is also decreasing. Let 


M(u) = 


A e -r *“ 


Then 
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M(y) £ ± e rkHrk) urk ^ 

1 

Lei the in verso function of 5 1)0 A. 

M(u) £ 

r^A(«/2) V 

for some C 3 depending on D. Or 

(28.15) M(u) £ C<A(lvy ( " mun) + C,/u 
where C 4 also depends on D. 

Now by Theorem XLV if we can show that log log M{u) is integrable, (0, 1), 
then it will follow from (28.06) that G 2 (z) is a constant. But if Gn(z) is a con¬ 
stant, G{z) must also be a constant. Thus Theorem XLTV will be proved if 
log log M(u) is integrable. 

Since, by (28.13), b{v) > CV ,M , it follows that A (u) > Ci/u*. Thus it is 
clear from (28.15) that log log M(n) is integrable over (0, 1) if 

/ log A (iu)du < qo 

Jo 

or if 

(28.16) f log A (u)dv < 00. 

Jo 

But if A(w) = v, u = 6 (v) and (28.16) is equivalent to 

log r <18(v) < 00 . 

Integrating by parts this in turn is certainly true if 

(28.17) ("*)*<-. 

J1 V 


By (26.15) it follows that 


(28.18) 

few, 1 , ^ 

l «' 0R e(^) iu<K 

and 


(28.19) 

Jl u 


Since t(u) is non-decreasing (28.19) implies 


Z e'*"'*’ + Z e~ urtn 

4(r*)<M/2 




Then 


+ E« 
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(28.20) f^du < X. 
j 1 u 

Integrating by parts and using (28.20), 

/. *j l e(u)du = [~ll e(u)dw ] l + / v* < * 

Using these results in (28.13), tho definition of $(t>), it follows that 

(28.21) P-M «*,<«. 

This completes the proof of the theorem. 



Proo/ o/ Theorem XLVI. Let 

( 28 . 22 ) G (w)=±J c p t dz 

where C is a path in the positive direction around the point 2=1 but not 
enclosing the point 2 = 0. Then G(w) is an entire function. If we take C as a 
circle of radius 5 > 0 around 2=1, then 

| OM I s f I g(z) I (1 + i) w | dz I s e*"' 1 / | g{z)'dz |. 

J c J C 

Since this holds for any 8, G(w) is of zero type . 4 

We now deform C into a path as shown in Fig. 1 . If w is an integer, positive 
or negative, and the two parts of the path parallel to the real axis are brought 

* It is well known that any entire function of 1/(1 — z) is associated with a function of 
zero type and conversely. This result appears in the work of Carlson and Wigcrt. 
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down to the real axis they cancel each other since z n+1 is a one-valued function. 
Thus if w — n the path breaks up into two parts and if the series (28.01) and 
(28.02) are used in (28.22), 


By (28.04) 


G(n) = -On, 


— oo < n < oo. 


G(±m n ) * O(mJ). 


Now G(w ) is of zero type and therefore by Hadamard’s factorization theorem, 
Theorem D, is either a polynomial of degree K or less, or else has more than 
K zeros. Let us assume that G(w) is not a polynomial of degree K or less. 
Then if we divide G(w) by K of its zeros and call the resulting entire function 
of zero type Gi(w), 

G x {±m n ) = 0(1). 


Thus by (28.03) and Theorem XLIV G\{w) is a constant. But this means 
G(w) is a polynomial of degree K. Thus 

G(w ) = Kq -f- B\W -f- • • • -f- Bn w K . 


But a n = — G(n). Thus 

a n = — B 0 — Bin — • • • 

Since 

00 

g(z) = 21 anZ n , 


B K n\ 


it follows that 


K-n A 

—* Thus A 0 = 0. "Phis completes the proof 


Bui by (28.02), y(z) —> 0 as z 
of the theorem. 



CHAPTER IX 


EXISTENCE OF FUNCTIONS OF ZERO TYPE BOUNDED ON A 
SEQUENCE OF POINTS 

29. Statement of the existence theorems. In this chapter we shall prove 
that the condition 

(29.01) J log log M(x) dx < oo 

in Theorems XLIII and XLV is a best possible condition. We shall also give 
examples of entire functions of zero type, not constants, which are bounded on 
sequences {=fcX„) of density D > 0, and with X„ + i — X„ ^ d > 0. 

Theorem XLVIL Let M(x) be an even function of x decreasing for positive x 
and M(x) —> oo as x —» 0. Let 

p(x) = log log M{x) 

be positive and let 

(29.02) j£ p(x) dx = oo. 

Let there exist some number p > 4 sveh that 
(29.03) n(px) < ip(x). 

Then there exists a sequence of functions \H n {z)\, (n > 0), analytic for | y | ^ a 
for some a > 0 such that 

(29.04) | H n (x + iy) | ^ M(x ), I y 1 ^ a, 

and 

(29.05) lim sup max | H n (u) | = <». 

n-oe |«IS1 

Thus for the wide class of M(x) satisfying (29.03), the condition (29.01) is 
necessary as well as sufficient in Theorem XLIII. 

Theorem XLVI1 is proved by means of the following theorem which proves 
that Theorem XLV is best possible. 

Theorem XLVIII. Let M(x) satisfy the requirements of Theorem XLVIL 
Then there exists a sequence (X«) of density D > 0 and with X n +i — X n ^ d > 0 
and an entire function of zero type G(z), not a constant, such that 

(29.06) G( dbX n ) - 0(1); 

and if 
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«-?(■- Q- 

then 

( 29 . 07 ) ?j^(X.)| S M{X) - 

Here as in the previous case, for the large class of M(x) satisfying (29.03), 
(29.01) is necessary and sufficient for Theorem XLV. 

A corollary of Theorem XLVIII is that there exist functions of zero type, 
not constants, bounded on a sequence (=fcX„) with D > 0 and X„ f i — X„ ^ d > 0. 
We shall first use Theorem XLV11I to prove Theorem XLVII. 

Proof of Theorem XLVII. Since G(z) is not a constant, the sequence of 
functions 

(29.08) 

defined as in (20.29) cannot be uniformly bounded. For, if they were it would 
follow, just as in the proof of Theorem XLV, (20.32), that 

|//*(«) j £ const. c- (1/2)Xl|u| , 

and from this that (r(z) is a constant. But If\(u) is uniformly bounded away 
from zero. For, as in (20.30) (using the Dirichlet series for //w(?v)), 

I Hn{v + iv) | ^ M(u), 

for | v | ^ a for some a > 0. Since M( w) is bounded away from zero, // N (u) 
is uniformly bounded away from zero. Thus around zero the sequence of 
functions cannot be bounded. That is, 

lim sup max | H N (u) | = «, 

A’-OO |M|gl 

which is the conclusion of Theorem XLVII. 

The remainder of the chapter is devoted to the proof of Theorem XLVII I 
for which we require several lemmas. 

Lemma 29.1. Let <f>(u) he a positive increasing, three times differentiable func¬ 
tion of u with </>» decreasing. As u —> w, let 

(29.09) *(«) > » , o > 0, 

(29.10) lim inf > 0, 

u ”*oo $(^/ 

<f>' (u)<f>(u) — 0 ( 1 ), u —► *>, 

* *"(u) = o{(0'( w )) 2 },0'"(a) > 0. 


(29.11) 

(29.12) 
Moreover let 
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2 (hi — <x>. 


(29.13) f~ (*'(„))’ 

Then there exists an entire function G{z ) of zero type and a 5 > 0 such that 

(29.14) | G(jt) | S 1, r* u, (l - {*'(»)) £ | x | g e* ,n> (\ + Win)), n — °o. 
To sco the significance of this lemma let, us take 

<£( 7 /) = u! n 

which satisfies the requirements of the lemma. Jn this ease G(x) is hounded for 

I-1* *■'"('+,»)• 

If we tak(» {X„} to he the positive integers which lie in these intervals, it is clear 
that, if A(w) is the number < u , 


2 5c n 


AW - E , Zr. + 01 

l<n<log 2 u n 1 ' 


(29.15) 

Since e‘ u ‘/l 1,2 is an increasing function for t > 1 


/ M ) 

\log u) 


r do g «)*-i 2 g e tl/2 


25e’ 


t 1,2 d ' < n 1 ' 2 ' < ■ 


/.(logu)*-H l»'* 


25c 

< 1/2 


dt. 


Or 


Since 


45 e 


log u(l— 1/ lug 2 !/) 1 /2 


-c} < £ 


25c 


l<n<log 2 t* n 1/2 


< 45e 


log m(1 4 1/log 2 u) l,i 


(' *!-«■.) ‘ ' + "(l..B-«)' 




Thus 


25e TI . . 

1. i/s = A8u + 

i<»<iog 2 M n ,/<! 




Using this in (29.15) 

This can he written as 
(29.16) 


A(a) — 45a -f* ( 


C.) 

-“■■“(fis)' 
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Tn the notation of Theorem XMV sinee X„ are integers, (29.16) gives 

0(u) = ( ^!'*, t(u ) = 1. 

log u 

Similarly by considering 

<j>(u) = y 112 log u, <f>(u) = u m log u log log u, etc. 

we can get 

9(u) = const./log w log log u, t(u) — 1, 

6(u) = const./log v log log u log log log u, t(u) = 1, etc. 

By Lemma 29.1 the conclusion of Theorem XLIV cannot hold for these 6(u). 
Thus in the basic criterion, (26.07), of Theorem XETV, with t(v) — 1, 



at most the term log 1 /0(4 u) is superfluous in the basic criterion of this theorem. 
We can put Lemma 29.1 with (29.16) and its generalizations into a theorem. 

Theorem XLIX. "’’-re exist sequences of integers {X w j satisfying 

| n — D\ n | — 0(| X» |0(X„)), |n |-oo, 

where 0(X n ) = (log X„)~ l or 0(X n ) = (log X n log log X»)“ l , etc., and functions G(z ) 
of zero type not constants such that 

G(±\ n ) - 0(1). 

It is easy to put 6(u) in a far more general form than that given in Theorem 
XLIX without modifying I;emma 29.1 . It is also possible by modifying Lemma 
29.1 slightly to introduce the spacing function t(u) and thereby to show that the 
basic condition of Theorem XLIV cannot be improved beyond 

re(uH(u) du<x 

J i u 

30. Lemmas. In the remainder of this chapter we shall use Ci , Ci , • • • for 
positive constants that are fixed for a given We require a scries of lemmas. 

Lemma 30.1. Let <f>(u) satisfy the requirements of Lemma 29.1. Let m(u) he 
its inverse function and let 

(30.01) a(u) = [* (<*.'(«))* du. 


AM 


e* w <t>'M 

aM 


Let 

(30.02) 
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(30.03) lim a(u) = ®, 

v—ao 

and, as u —> <x> f 

( 30 - 04 ) A'(u) A"(u) > n, 

(30.05) ^ {<t>’(u)A(u)\ > 0, 

(30.06) £ < 0, 

(30.07) *'(2«) > C,*'(«), 

(30.08) ra(£w) > Citniu), 

(30.09) a(fw) > ja(u), 


30.10) A(u ) > e (8/4 » (w) . 

Proof of Lemma 30.1. From (29.13) and (30.01), (30.03) follows. 
Differentiating 

log A ( u ) = <*>(w) + log <£'( 2 /) - log «(?/) 


A’M _ , #"(*) _ (tf>'(«)) 2 

A 00 * w + ^00 ^oo"’ 


and again differentiating 


A"(u)A(u) - (A'{u)Y _ 4>W’(u) - W'W? 

_ - * («) + - - ( , (i)? - 


2 »'fa)»"(«) (»W 

a(w) ac*(u) 


Obviously 


A"(a) _ A"A(u ) - (A'(u)) 




A(w) A\u) 

Using (30.11) and (30.12) in the above, 


(*M Y 

Uw/‘ 


iw = ( *' ( “ ))2 + ^ + 3 *" (u) - -Sf 


. , rM 

o(«) 0 '(«) ‘ 


(30.13) 
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Using «(w) -> <*,<t>'(v) ■= 0(\),<f>"(v) - o|(*'(fi)) , |, andtf'"( M ) > 0 in (30.11) 
and (30.13) gives (30.01). We also have 


du 


= *'(«M'(u) + A(u)4"(u) 


-A («){*'(«) + *"<“>}• 

Using (30.11) this becomes 

A{*'(uM(«)) = A(u){(*'(«))’ + 20"(«) - 

and from the behavior of a, </>', and <t >" as u —> qo (30.05) follows. (30.06) is 
proved in the same way. 

By (29.10) there exists an e > 0 such that for large u 
(30.14) > 2, 

Clearly 

<t>(u) ^ / <t>'(y) dy. 

Jo 

Since <f>'(y) is decreasing, it follows that 
<t>(a) > 

With (30.14) this gives 

1 


2e 


wf>'(u) > lu+'Qu). 


This gives (30.07) with Ci = €. 

Next if v = <f>(u) then u = m{v). Thus (30.14) becomes 

(30.15) ^ > 2t. 

vm(v) 

But 

m(v) = w?((l - e)y) + / m'(y) dy. 

J (1 f)v 

Since m'(v ) is the reciprocal of m'(v) is an increasing function. Thus 

m(x) ^ w(( 1 — e)y) + tvm f (v). 

But by (30.15) tjbjs gives m(v) ^ m((l — e)v) + \m(v). Or 
£m(t>) ^ w(( 1 — e)v). 

Iterating this we obtain (30.08). 
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[30] 


Since is positive and decreasing, 

t u fu/2+1/2 

“(“) = / (*'(»)) dy ■& 2 \ dy = 2a(i« + J), u > 2, 

which gives (30.09). 

Finally 

a M = / (<t>'(y)Y dy ^ *'(l) ( <t>'(y)dy ^ 

*'1/2 J 1/2 

Thus 


Using (30.14) this becomes 


4(u) ^ 




„+<«) >(.)/< 

4(u) 6 ** fe < c <,/4, * ( “ ) e . 
w w 

From (29.09), (30.10) now follows. This completes the proof of the lemma. 

Lemma 30.2. Let N lx a positive integer and let 
(30.1G) B(u) = log | 1 - **<"”*-*<■> | 

where 


(30.17) Ul < W(N+ 1) < WiN). 

Then 

(30.18) E A(n)H(n) = \A(N - 1 )B(N - 1) + f ' A(u)B(u)du + 0(A(N)), 

1 * l 


and 

(30.19) E il(n)B(n) = *A(AT + 1)B(AT + 1) + f A(u)#(a) du + OUW). 

iv+l J )V+1 

Proof of Lemma 30.2. Let 

(30.20) P(u) = [u] — u + a, 

where [w] is the largest integer not exceeding n. Then by the Euler summation 
formula 


(30.21) 


E A(n)B(n) = iA(N - l)B(N - 1 ) + iA(l)B(l) 
1 


+ f A(u)B(u) du — f P(u) ^ \A(u)B(u)} du. 
J i J l 


Clearly from the periodicity of P(u), for any a and h 
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(30.22) P(u) du | S f 

Let T(u) be a differentiable function. Then integrating by parts 
f" ' P(u)T(u) du = T(N - 1) J" ' P(u) du- f” ' T'(u) du j" P(v) dv. 
By (30.22) this becomes 

I /* 'p(u)T(u) du I S i | T(N -1)| + *| T'M | du, 


(30.23) ^ PU)T(u) du S i J" ' | 2"(u) j t/u + i| T(l) | 


We now consider 


(30.24) 

By (30.16) 

Or 


-f- |.4(u)£(u)| = A'(u)B(u) + ^(li)B'(tt). 

CW 


4(w)B'(a) 


4 fa) 


fy(u)e 9vJ *« N) -*+ {v) 

l — g2v+2«(JV)-S*(tt) * 


( 9 2y+2*(N) V 

_-«*«)• 


By (30.05), A(u)<t>\u) is an increasing function of u for large u and the other 
term in the above expression for A(u)B f (u) is obviously increasing for 1 ^ u ^ 
N — 1. Thus A (u)B'(y) is a negative decreasing function for C« < u < N — 1, 
and therefore 


+ ^ |~ Mfa)£'fa)}|<iu 

g |A(JV-r l)£'(tf-l)| +C4. 

Thus by (30.23) with T(u) = 4fa)£'fa), 

(30.25) | J* 1 PfaMfaJB'fa) rfu| £ } | v4(JV - 1)B’(N - 1) | + C*. 


But 


#* 


B'(W - 1) = -2<t>’(N - 


1 ) 


e 2rH*W>—2*W-1) _ 1 • 
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Since <f>'(u) is decreasing and | // | < 

(30.26) y + <t>(N) - 0 (jV - |) = f ^'( u )du -t-y^ <t>'(N) - W(N) = W(N). 

J v-l 

Thus 


| B'(N - 1 )| S 2<*>'(JV - 1 ) 
i n _ J V'«) - 1 <t>(N) 

But by (30.07), *'( 1 V - 1 ) < C,*'(jV). Thus 

| B'(A^ - 1) | < 2C«c*" ( *’. 

Since </>'(iV) is a positive decreasing function, £'(# — 1 ) is bounded and (30.25) 
becomes 


(30.27) 


{* ‘p(u)A(„)B'(ii)d u = OWN- 1 )) = OWN)). 


Th(» other term in (30.24), A'(u)B(u) has as its derivative 

a"m io g 11 - , + A ' M 2 f^ +w) ^ w -. 


Since A"(u) > 0 for large u, and since the logarithmic term above is steadily 
decreasing from 1 to JV — 1, taking extreme values in magnitude at 1 undN — 1, 

* 1 1 A"(u)B(u) | An S (| fl(l)| + | B(N — 1) |) (J* V(.<)du + C, 

S (| B(l) | + | B(N - 1) |)U'(AT - L) + C»). 

But for large N, \ B( 1) | < 3<f>(N) and by (30.26) 

|B(AT—l)|SIog^. 

Thus 

f*~' | A"(u)B(u) | du = o(jd>(N) + log A'(AO). 

But A’(N) ~ <f’(N)A (N) and <t>(N)<t>‘(N) = 0(1). Thus 

J"~ l I A"(u)B(u) | du = o(a(N) |l + 4>’(N) log . 

Since <f>'(N) is decreasing, it follows that 
(30.28) f“ 1 1 A"(u)B(u) | du. = OWN)). 


For the other term in the derivative of A'(u)B(u) we have, since A'(u) is 
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positive and increasing for large u, 


\A'(u)B'(u)\du = /' jA'(«)^ i+ - w(w) - r - (iiy -- 1 - du 


£ A'(N) f t 


= — A'(N) log (c ! 


e 2y+2*(Ar)-2*(u) _ l 


du -f- Co 


2|/i2*(Ar)-2*(w) -t \iiV—1 


Dir 1 + Co. 


Handling the logarithmic term at 1 and N — 1 and A'(N) in exactly the same 
way as in obtaining (30.28) w r e have 


J" * | A'(u)B'(u) | du = 0(A(N)). 


Combining this with (30.28), 

Jf l J u lA'(u)BM}\du = 0(A(N)). 

Setting T(u) = A'(u)B(u) in (30.23) this gives 

(30.29) I /* ' P(u)A’(u)B(u) du [ £ C m A(N) + 1A'(1)B(1) |. 

But B(\) = O(0(JV)). Since 

A(iV) > > *(JV) 

for large A 7 ', (30.29) becomes 


j" 1 P(u)A'(u)B(u) du = 0(A (N)). 


Using (30.27) and (30.30) in (30.21), we obtain 


Z A{n)B{n) = §A(JV - 1)B(N -l) + f" ' A(u)B(u) du + 0(A(N)), 


completing one-half of the lemma. 

Again by the Euler summation formula, 


Z A(n)B(n) = JA(JV + l)fi(JV + 1) + f A(v)B(u)< 

N-\ 1 Jn-\ 1 


-f P(u) ^ [A(.u)B(.u)\du. 
Jf/4 -1 Oli 


As in (30.23) if T(yt) is any differentiable function such that T(u) —* 0 as u - 


f P(u)T(u) du <£ 1 f 1 r(w) | 

•W+l •'AT+l 
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Again we consider the two terms in 

i M(w)B(u)| 

separately. A(u)B'(u) is now best written in the form 

2 V +2+(N) 

A(u)B'(u) = i ■ 

But by (30.00) <f>'(u)A (u)e ~* (v) is decreasing for large u. The term 

_1 

1 _ e 2|H-2*(AT)-2*(«) 

for u }£ N + I is decreasing. Thus A ( u)B'(u ) is a decreasing function for 
u ^ N + 1 and therefore its derivative has one sign. Thus by (30.32), for 
large N 

I [ P(u)A(v)B'(u) flu S -if ?- {A(u)B\u)\du 

J*+i 1 Jn +i du 

= {A(N + \)B'(N + 1). 

As in the results following (30.25), B'{N + 1) is bounded. Thus 

(30.33) [ I J (ii)A(u)B'(u) da = U(A(N + D). 

•'JV-il 

The derivative of the other part of (d/du)[A(u)B(u) J is 

(30.34) - {A'(u)B(u)) - A"(u)B(u) -f A'(u)B'(u). 

dv 

Integrating by parts A"(v)B(u) gives 

j r A"(u)B(u) du\i\A’(N + 1 )B(N + 1) | + \ f A’(u)B'(u) du I . 

I J N+ l I I •'A+l 1 

Since for large u, A"{u) > 0, and B(u) < 0 for u > N + 1, 
f" \A"(u)B(u)\du « I [" A"(u)B{u)du\. 

J N +l 1 J AT+1 I 

Thus 

(30.35) f" I A"(u)B(u) \du g | A'(N + 1 )B(N +1)1 + 1 [ A'(u)B'(u) du j. 

Jn+1 I JN+l I 

But 

B(N + 1) = log | 1 - |, 

and much as in (30.20) y + <I>(N) — <f>(N + 1) < — $4 f (N + 1). Thus 
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I B(N + 1) | g log j) • 

Also A'(If + 1) ~ <t>'(N + 1 )A(N + 1). Thus 

I A'(N + 1)B(N + 1)| S 10A(JV + 1)*'(N + 1) log ^ . 

Since is decreasing, this becomes for large N 

| A'(N + 1 )B(N + 1) | S C U A(N + 1). 

Thus (30.35) becomes for large N 

(30.36) [ | A"(u)B(u) | du S C„A(A’ + 1 ) + f | A'(u)B'(u) | du. 

Jff+l A+l 


The other term of (30.34) is handled in the following way. Since A'(it) 
(* (v))V M / a (u), 


f ® 0 r 00 AaV<,iY\ 2 />*< u) 2 * (m) 

/ \A'MB-(u)\duS2 

J*+i J/v+i a(u) 1 — e 2v+2 * {If) ■ 


J*+i a(u) 
4(0'(iY + l )) 2 


p e 2 
J\+i 1 — 


■ 2 #(u) 
2y+2*(Af)-*(tt) 


a(N+ 1 ) Jy+1 1 - *(«-*(«> 




£'(w) du 


Let j 


t v+*W +(v) 


Then 


r \ A '(u)B'Midu^ N +^^ r—■’ * 

» AM-1 


ct(N+ 1 ) 


r 


1 - .r 2 


<, 4 -1)) vwn) t l_+ t_ 

~ a(iV +1) g 1 - e«H+<Jir>-*(*r+l> • 


But 0(iY + 1) - <KN) -yZ + 1) Thus 

L ' ■*'«*'<«> I * - iTsi f '<* «r+ .>) 


Using this and (30.36) with (30.34) gives 


(30.37) /"° I# M'(«)B(«)II du = 0(A(A + 1)). 

Jjv-fi 1 du I 

But since A'(y) ~ <t>’(y)A(y), 

/•AMI ptf+1 

A(N + 1 ) &A(N) + / 4'(?/) dy ^ 4 W + 2 / dy. 


Since 
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*' w -<*»)• 

A(N + 1) S A(N) + C B M + I). 

<t>{N) 

Or 

' ,(jr+u (‘ -m) SAm - 

Thus for large N 

(30.38) A(N + 1) = A (AO + . 

Thus (30.37) becomes 

Cl Si = 0(A(N)). 

Using this in (30.32) with T(u) = A'(u)B(u), 

[ P(u)A'(u)B(u) du = OU(AO). 

•^+1 

Combining this with (30.33) gives 

r P(u) f M («)»(«)) du = 0(A(N)). 

J JNT+1 


Using this in (30.31) completes the proof of the lemma. 
Proof of Lemma 29.1. Let 


G(z) = ij (l - 



U(»))+l 


where A{n) is defin(»d in (30.02) and [A(/t)] is the largest integer not exceeding 
A(n). Then 

log | <?(*) | = ± (W(»)l + 1) log I 1 - x 2 c~ 2 * w I. 

1 


Replacing [A (??)] + 1 by a smaller quantity when it is the coefficient of a loga¬ 
rithmic term that is negative and by a larger quantity when it is the coefficient 
of a positive term, 


log | G(x) | ^ 2 Mn) log | 1 - x 2 e 2 * yn) | 

i 

+ Z log | x 2 e~ 2 * M - 11 

<#>(n)<log2~ 1/2 * 

for x > 10. But 

Y log | x 2 e~ UM - 11 < Y log x < 2 log x Y 1. 

♦ ("Xlo**" 1 '** *(»)<log* *(n)<lo** 
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But <t>(n) > n° for large n. Thus 

£ 1 = 0( £ 1) = 0(log"“x). 

$(n)< log* n°<log* 

Combining the three inequalities above, 

log | G(x) | ^ £ A(n) log | 1 - x 2 c | -f C B log 1/a a\ 
i 

Let 


(30.30) x = c* miv , | y | < + 1), 

where y is unrelated to §z. Recalling the definition of B(u), 


(30 40) log | (,'(/) | £ (Z + EL MB(n) + .1 (N) log 11 - <•’” | + C» | log x I"”. 

\ i A-n/ 

But by (30.39), 

(logx) 1 '" = 0((</>(A))''’) = 0(< «'«♦<">) = ()(A(N)). 

Ubing this, (30.18) and (30.19) in (30.40), 

log |C(x)| £ A(N) log | 1 - <’»| + Jd(JV - 1)B(JV - 1) 

(30-t,) + %A(N + l)B(N + 1) 


+ 



A(u)B(u) du -f CuA(N). 


We now consider 


rA-l p* 1-^(1*).// \ 

(30.42) / A(u)B(u) du = / - % (u) log | xV - 11 du. 

Ji Ji a(u) 

Since m(u) is the inverse function of 0(a), il v — e* (u \ the equation (30.42) 
becomes 

1 » f 0(/V-1) / 2 \ 

A(u)B(u) du — / vv log - l). 

«»•♦(») a(//i(log t>)) V 2 / 

Let y = .rJ. Then 

r Al-l /••♦<* 1)/* I. /l \ 

/ .4(w)R(«)d?/ = J / -r oJ°g( “ l) 

(30.43) Jl W a(m( logx0) Vi- ; 

*-•- =*r ' f -^-^fc*(l-l) + 0(^. 

A /*!/2 a(m(loga*i)) y 2 / 

But for £ > 1 /j- 1/2 , by tin* mean value theorem 
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_1__ = _1_ 

( 3044 ) a ~M Io &* + lo S*)i «Mogj)| 

_ a'j mQog x + h log Ojm^Qog x + h log 0 , 

a 2 jm(logx + h log t ) | ° S 

where 0 < h < 1. Since a' = (<t>') 2 and m'(u) = 1 (30.44) becomes 

(30.45)1 _ 1 — 1 | <; ^'Mlo gs + logt)) | log J | 

|a{m(log x + log*)) a{m(logx)| I ~ a 2 {w(log x + h log J)) 

Since m{u) is monotone increasing and t > 1 /x u \ 

m(log x 4- h log t) > m(log x — log x m ) ^ m($ log x). 

By (30.08), for large N this gives 

m (log x + h log t) > (\m {log x) — C 2 m(<f>(N) + y) 

^ C\m(<t>(N) - 4>’(N)) ^ CM4>(N ~ 1 )) 

= Ct(N - 1) > C\N. 


Thus since a is increasing and <t>' decreasing (30.45) becomes 


(30.46) 


_1_ 1 _ < 4>'(ClN) | log 1 1 

q{w(logx + log <) J a{ra(logx)} ~ a\C\N) 


Using this in (30.43), 

r N ~ l 

J A(u)B(v) du 


(30.47) 


re *(N-l)/ x 

x I log 

a(w(log x)) J i/*wa 

+ 


(H 


dt 


•cssr-s Kd-oi*^) 

Jo 


Ct(m( log x)) Jo 


(H 

o( 


+««-+-sas)- 


Making the transformation t — (* iu) /x and using (30.46) as above, 

r A(u)B(u) du = — 7l -—.. [ 1or(i - i)dt 

J„ +l a(m(log r)) J.*(» 11 >/, \ l 2 / 


(30.48) 


/^AT)\ 
+ U \a\ClN)J 


By iterating (30.07) and (30.09), 

<f>'(ClN) = owm, «(N) = OWClN)). 

Thus 
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x*'(CtN) _ /V(JV)\ _ 0 (r* <m +'(N)\ _ Q(MN)) 

aHCfN) ~ °\c,\N)) °\ «(N) ) ° {MN)l 

By (30.10) 

i'" = 0(e aii) * m ) = 0(A(N)). 

The (wo inequalities above used in (30.47) and (30.48) give 


(/ + jL) 


A(u)B{u) du 


a(w(loR *)) 


(r"" + r )iiii-iu+ 


0(A(N)). 


(30.50) g = e* lN ~ l) /x, h = e« N + x) /x. 

Then since \y | < fo'(N), 

g — #<*> * — e ~+' {N > »-fO«*'(W))*) 


Similarly 

(30.52) h = c * {Nn) ~* m v = 
Since by (29.11) 0'(A r ) —> 0 as N - 


1 -V- W) + rt((*'(A0) 2 ). 


= 1 - V + *'(A0 + 0((*'W) 2 ). 


< g < h < 


for large Af. 
From 


it follows that 


l l 0 K l ] "Jl*” 0 ' 




= - / log I < - 11 dl - j log - ^ t dl. 


Using (30.53) this gives 


(r+n 


log 11 df = log 1 1 1 dt 4* 0(h - g) 

i | »„_i 

- -(A - 1) log | A - 11 

+ {g - 1) log | g - 1 | + 0(/t - p). 


Using (30.51) and (30 52) this becomes 
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ct+jO 


log |l - p | dt = -(*'(#) - y) log | t'(N) ~y + 0((<t>'(N)Y) I 

- (4>'(A0 + ») log I <t>'(N) + y + 0((*'(JV)) ! ) I 

+ O(*'(A0) 

= -(*'(#) - y) log (0'(JV) - y) 

- (*'(A0 + y) log («'(JV) + j,) + O(*'(A0) 
= log {(0'<JV)) 2 - /| 


= -4>'(N) log \W(N)f - y’} + O(0'W). 


Using this in (30.49), 


CT+i> 




+ 0(1)1 + 0(4 (AO). 

Clearly 

+(N) + y £ <t>(N) + W(N + 1) < *(N + 1), 

0W + y £ +(N) ~ WW) > <t>(N - 1). 

Since log x - <I>(N) -f y, 

m{<l>(N — 1)) < ra(log x) < + 1)). 

Or since m and <f> are inverse functions, 

N — l < m( log x) < N + 1. 

Since a is increasing, this gives 

a(N - 1) < a(m(log x)) < a(N + 1). 

But 

| a(N ± 1) - a(N) I s (4,'(N - l)) 2 £ (^J. 

From the last two results 

o(m(log*)) = a(N) + OmN)f). 


__i_L + of‘MV 

a(m(loga:)) a(AT) ~ \ a(N) ) 


x = e* im+ “ = e* ,K, (l + 0(/t>'(N ))). 
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tlX] 


Using the last two results in (30.5S), 

(30.56) (jp + jQ A(u)B(u) du = -AW H l(*'WY - if) + 0(4(JV)). 
Thus (30.41) becomes 

log I (!(x) I £ A(N) log I 1 - A | + J4 (N - 1) log | 1 - A 2 *'" - ” | 

(30.57) + + 1) log | 1 - A' 2 *'"'"’ | 

- .4(IV) log ((*'(JV)f - v 2 } + (\<A(N). 
By (30 04), since A'(a) is increasing for large u, 

A(N - 1) = ^W(l + owm), 

and from this 

A(N + 1) = A(AT)(1 + ()(<j>'(N))). 

ITsing (30.51) and (30.52), 

log I 1 - A~ sf< "- tl) I = log I 2<y(N) + 2 y + 0((«'(7V)) 2 ) | 

= log (V>'(1V) + y) + 0(1). 


Using these results in (30.57) 

log I G(x) I £ A(N) (log 11 - AI + } log (AA0 + y ) 

+ i log (0'(jV) -y) - log ((*'(JV)) 2 - ;/) + C„} 


S -4 (IV) 



= AW \1° K ^(jV) + Cb /' 


Take 5 sufficiently small so that if 

I y I < 2 


then 12/1 < \tf(N + 1), as is possible by (29.12). Then the above two in¬ 
equalities give 

log | G(x) | ^ v4 (AT) (log 5 + r 18 ). 


But this implies that for some 5 > 0 

I G(x ) | ^ 1, e «(«)-^'(n) ^ x ^ ^)W(.) 

as n —* oo. This gives (29.14) since G{x) is even. 

To complete the proof of the lemma it remains to prove that G{z) is of zero 
type. Clearly if r = \z\, 
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131 ] 


log | G(z) | & jp (4(n) + 1) log (l + JJ). 

Since A'(u) > 0 for largo u there exists some integer i?i, such that A (u) is 
increasing for n > rii. Also since <t>'(u) is bounded, there exists a Ci 9 such that 




A 

IIA 

^ u £ n 

+ 1. 

Thus for larger r, 





log 

1 G(z) | S EMW + l) 

1 


+ 2 J /1(h) log 1 

f, + Ci,r ! 
^ 1 e 2«(«) 

^ da 


^ Cm log r + 2 J 

v, rM 

1 + J ,lu ■ 



Let 

v — e* (w) and let «(w) - 

: / i(v ). Since y 

increases frit h u 

it follows 

that, 

like 

a(u), 0(v) is monotone im 

rrcasiiig and /3(y) —> *> as y —» *, 

Thus 


log | 

C(z) | £ Cm log r + 2 f* 


i dv 

I fi(v) 




SC sl logr+ 1-) 

r*o + 







+ /3(r» 2 ) lu, '° g 

( i+ v 

- ) dy 


2r ,/2 

log (1 + (V s ) 

+ «C«) /.» l0K 

(■+<? 

^dy 


0 , 1/2 

SC„I<.gr + jJ(l) 

log (l + ('nr') 

+ a(r% f ,0B ( 


|dr 


^ C 22 r 3 ' 4 + 


C22 T 
P(r'») ’ 


Since /8(c) —> x> as v —> « it follows from the above inequality that 

log | G(z) | . n 
lun sup ^ 0. 

t*i-*» I 2 1 


This completes the proof of the lemma. 

31. Proof of the main theorem. We prove first a lemma. 

Lemma 31.1. Let {X,,} be the sequence + &}, (| k | ^ 

0 < n < °e), where k and n are integers and <f>(u ) ami b are defined as in Lemma 
29.1. Let 

(31.01) m = Il(i -£)■ 


Then 
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(31.02) log |7 ~j - 0(X n *'(m(log X n ))) 

where m{u) is the inverse function of 4>{u). 

Proof of Lemma 31.1. From the definition of {X„J, to every X w there corre¬ 
sponds an N such that 

I x„ - C* tm I s 

Thus from (31.01) 

log | f"(xj I = (e + 1) E log 11 - ts £-. v I 

^ 31 \n-l N+l/ |*|S«.«S>*'(n) | (<* (n) + k) 2 \ 

* + insJtfvw Iog 1 1 “ (><"T*)‘| + 10,5 h 

where the prime on the last summation sign denotes omission of the term 
e* m + i fc = X„. 

Clearly for n < N, 

'•<»- *>• - ')(<^»- -') - -')’ 

_ . xi - + k*) + (p w(n> - k 2 y r** M 

° g (XI - «*<■>)* - fc 2 )’ 

„ Xi - 2Xi(e ! * < " > + fr 2 ) + (c 2 *<"> - fc 2 ) 2 
“ g (A*. ~ e*< ; >) 2 

/ OltfJ+M _L \ 2 ^ _ l* \ 


+ l0g S 


= l0E / 1 _ 2fc 8 (e M W + *1) - \ 


X*n £ e #(Ar) (l - W(N))- 

For small x > 0, 1 — x > c -2 *. Therefore for large AT, 


Since is decreasing, 


<t>(N) - 2 H'(N) > 4>(N - 26) 


and therefore 


Thus for large n 


,W«) v. >(*-24) 


Xjn - e* w > e’ 


/ N-21 


e* lu) du 


£ (N - 2a - n)e+ M <t>'(n), 
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since e* {u ty(u) is an increasing function for large u. Using this (31.04) becomes 

'■*) =• “4 - (If- 
'(■- 


> log 


_ 204 _ 

(N — 26 — »)*«**<•»(*'( n)) l (Xm + e*<">y 


-) 


>log(l_-?*’ _ \ 

\ (N - 26 - ») 2 e**<»>(<8'(n))7 

„ )2 )- 

Since N > n and 5 is small, it follows that 


Thus for large n, 




V / n.) > - 4 i‘<l>'(ny M 
i & *s»<«>*'(«> W - (JV - n - 28)*' 


From this and the definition oi 7„(A) in (31.04), using [j] to represent the largest 
integer not exceeding x, 

J ' = S ,0f! ((«♦'"» + k)‘ ~ ') 

sZa^'w/'-’i + Diog^-i) 

-uVWc-Z (JV ^_ 2 { y 2 -C a , 

when* 0*2.1 compensates for those /«(/c) where n is small. It follows easily that 


(31.06) 

./xfeLVwc* 1 "’ l«g( e 4r,-i) 

AT—l | / x 2 \ 1 



-•shU.-OI 

- 10 <t>'(N)e* iN) - C». 

Since 


,0g (^ - 

1 g n g JV - 1, 

takes its extreme values for n = 1 and n = N — 1, 



max log 
!£«<* 


G&- 0 I* 


21og e*”> + lo B Xm _ 



174 


EXISTENCE OK CERTAIN FUNCTIONS OK ZERO TYPE 


(1X1 


Using (31.05) this becomes 

” i ,“ | ! ° g (j*> ■ ’)! = °( log Xm+log m)' 

Bill X„ < 2e* w> fur large m, and by (211.10), 1 W(N) < N, for large N. TIiuh 
max |log( 5., ~ l )\’ °^ N) + ]t * N) = 0im) ' 
since for large N, log N < *(JV) by (29.09). Thus (31.00) becomes 

J, > E 2S*'(n)e* < ” 1 log (4, - l) - C7«WW - UH>'(AT)e*"' 1 - C». 

By (29.09) and (29.10), NM.N) = Thus for large N, 

(31.07) J: g; E 2*'(»)/‘"’ log (j|, - l) - GrtW". 

For 7 i > JV, it is easily shown that. 

/.(Jr) = i<«(l - (c*'.r+ ~ (<■»<«> - *)») _ log (’ «"<•>) 

, 2fr ! xi-6e ! * , " , xlfc ! , ^Xi-le^Xi.) \ 

- log jl + ^ 2 f(n) _ ^)(c^ <w ' - X^,) 2 r (c 2 * (n) - X;) 2 (<’* ( " ) - A'*) 2 j 

^ . /i _ 

= loK I 1 (4»M - A* 2 ) 4- X w ) 2 (<!♦<"> - x w ) 2 

4fc 4 xL^ (r,) \ 

(<*■> - X*) 2 ^" 1 + X.)*(«* w - A 2 ) 2 / 

>1 r_ 6A 2 X- _ 1 

= log ^<»> _ a 2 )(^^*’ ~ X m ) 2 (c* (n) - X w ) 2 (f 2 * (B > - fc 2 ) 2 / 

Since A = o(e* (n) ) for large n 


r /i \ i J i Aun ' *•» _ r_ w 

= log U ( ,2*(„){ e *< n ) _ f 4 *(»)(^(n) _ X m )2 


>} /. 16 A 2 Xi \ 


( 31 . 08 ) ~ x» > (a - N + 2S)^>'(N)e* l ' i, > 0 

in much the same way as in ( 31 . 05 ), and since log (1 ~ -r) > ~2x for small 

t > 0 , ' 

, ... > - 32 * S XS. 

i,W - e*<"»(e»<*> - X.)*’ 
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Therefore 


Z In(k) ^ 32X; *_ T l 2 

1 ***♦'(.).♦<«) ^(n)(^(») _ Xm)2 h 

> ~32X m _ 

~ e mn)(jgKn) _ Xwt ^2 ° W W/ * 

= -»vw)- s ^;; 


32 W(A0) 2 X w 


Since <f>'(u)e * (u) ]s decreasing for large u 

jv+i (1 - X w e^ (r *0“ 

< U'fAOVx + 1)' * (Ar+,) 
-(</>( m (i _ Xwi e *i*+uy 

\ f.WAA\ 2 ,*<*+0 ,// A r , 


" + wmyf 

4n 


Wi (1 - X TO c *<“>)-’ 


< U*WC J, W + 1) , _>'M) 2 _ 

(P *mi) _ x m )2 *" l — X, a c-* (iV - tl) ’ 


By (31 08) 


X m > W(N)e* { 


Thus (for laige N), 

(*'(A0) 2 x,„ E 


< 40'(JV + 1) ,*<»*»>-*<« + 2<t>'(.N)c* iKn) * u ’ 

S + 2 <t>\N)e* ,s) < 10 *'(JV) 

Combining this icsult with (31 00 ) 

E E /,(*•) a - 320 S 3 X„.*'(jV) 

n—JV-l 1 1 £*£*'(»)«*<"> 

> — lO 0 / (JV)f* < * rn) > - 20 <*>'(AOe* (Ar) 
Recalling the definition ot /,(A), this implies 


2 £ log 


(\ - *»__ ) 
V («♦<■> + *07 


S E + 1) log (l - £“ ) - 2Q(t>'(N)<; 

n-N-t 1 \ 


Combining (31.03), (31.07) and (31.10) 
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log | r(x„) | a mCe + z) u>k( 

( 31 . 11 ) +tlog(l- ^g)+ Z' log 

N+l y e U(n)J |*|£«*'(JV) e *<JV) 


(x - * ) 

V r a+(n) ) 


(e+M + A*) 2 1 
- C„4>'(N)e* m . 


£>( 1 -e^')- JV ' OR ( 1 


^ iV log 




^U, ”)+ Slog (1 

( i(»ll) x \ 00 


By (31.08), (29.10), and later (29.09) 


S l0g V 1 " 6 A l0g e*^— + £ 


log (1 -(•* ( " 1 ) 


a jv log i«'W - Z a 

2N 

Since by (29.10), 4/<f>'(u) < u for large «, 

(31.12) Z log (l - a -AT log N — Ca i -C a *’(N) »* (N \ 

where this last inequality also involves the use of (29.09), u n < <f>(u). 

For large N, using ^ without the range of summation indicated to cover 
the same range as in (31.11), we have 


Z' log 1 


^'T («♦<« + *o* 1 = ^ ■"* r ■ p* w > + a i 

a Z' log I e* fm + k - X. | - Z' log ( 2 e* < " 1 ) 

a Z' log I e* (J ” + fc-X»|- 2S</,%N)e* l " ) log (2e* ( " > ). 

But as fc varies over its range e* (K ‘ + k — \ m takes on integer values from —% 
to n s where ***' 


a Z'log 1 — 


(31.13) 

Thus 


n, + n s = [2&*'(A0e* W) ]. 
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2' l°811 - (issqrjfc), | * (§ + 2) log j - 2a0'(7W‘" ) (*(iV) + l) 

S (■( + l ') log “ d " ~ 2ty(N)4,(N)e*' m - 2S<t>'(N)e* {m 

* ni log m + n 2 log /ij fi\ 7i 2 — 28<l> f (N)<t>(N)€* w - 2&4>'{N)e* {Ii) 
£ ni log m + n 2 log n 2 - 2 8<t>'(N)<t>(N)e+ {rf) - 45^(i\T)/ (JV) . 

For fixed iV, wi + ^2 is fixed. By differentiating 

x log x + (c — x) log (r — x), 1 ^ 2 | c - 1, 

it follows easily that it takes its least value for x - 1. Thus using (31.13), 
ni log rh + m log n 2 ^ (28<f> , (N)e 4iN) - 2) log (2 64>'(N)e* m - 2). 
Therefore for large JV 

E' log 1 1 - ky \ a 280'(JV)c* (w> log (26<t,'(Ny WI - 2) 

- 2&<t''(N)<t>(N)e* lN> - (^'(N)e* lm 
5 2{0'(iV)e* <w) (log <t>'(N)e* im + log (26 - 2<f ♦ < *7*'(J\D)} 

- 2&4>'(N)<t,(N)e* ( " ) - 6*'Me* <K) 
fe 25*'(A0e* < " ) log <*,'(#) - lO0'(JV)e* l>r) . 

Using this and (31.12), (31.11) becomes 

log IHAJ | fe 25 (E + E ) *'(»>*'”’ log j 1 - | 

(31.14) \ i W * e 1 

+ 2S<t>'(N)e* ( ' ,) log - C x <t>’(N)c* (m . 


By the same proof as used in obtaining Lemma 30.2, in somewhat simpler 
form since here a(u ) = 1, it follows that 


(E + t)*W log 1 1 - e i, | = WW - l V'""’ log 11 - 


x„ 

e S*(W-l) 


(31.15) 


+ i4>\N + l)e* <N+1> log 1 - 


e 2*(AT+l) j 


+ (jy + JT) log 1 1 - j* | du + 0(4>'(N)e* lm ). 

If the right side of (31.15) is handled by the* same method used in the proof of 
Lemma 29.1 with the very great simplification that here a(u) is not involved, 
(31.15) becomes 
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(Z + Z) <t>'(n)e* M lo K 11 — ^ | = log *'()V) + OU>'(N)e* (m ). 

Thus (31.14) becomes for large m, 

(31.16) log | F’(\ m ) | -C,^'(N)e Mm fe -2C 3l <t>'(N)\ m 

since 

| x„ - e* (m I g 64 ,'(N)r* m . 

The last result can be written as 

| r‘°* x ” ♦ , ' >) - 1 | g 6<t>\N). 

Thus asm-> 

log - 4>(N) -* 0. 

Therefore for large >n 

<f>(N) > J log X,„ . 

Or 

m(<t>(N)) > w|} log Xj, 

which, since m(u ) is the inverse function of <t>(u ), can bo written as 
N > m\\ log Xml. 

Since is decreasing, it follows from (31.10) that 

log | F'(X m ) | > -2C 3 ilog X OT )}X m . 

Using (30.08), 

log | F'(X m ) | > -2C.U0' {C 2 m(log X m )| X m . 

Iterating (30.07), 

log I F’{X m ) I > -CW'Mlog Am)) A,* , 
which completes the proof of the lemma. 

Lkmma 31.2. If M{x) satisfies the requirements of Theorem XLVII, then there 
exists a function 4>(u) satisfying the requirements of Lemma 29.1 and for small x 
00 

(31.17) £ exp [X n #'(m(log X n ) | — X n a*] <M(x), x > 0, 

x„>io 

where m is the inverse function of (j>. 

Proof of Lemmfr 31.2. We shall deal mainly with y(x) = log log M{x). Let 

MiW = /*(*)» ^m(») ^ /n(z) « ^ju(aO > 
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[31 ] 

[«t the set of intervals in ( 0 , I) where M (r) > l/r be denoted by E and let 
the complementary part of (0, I) be denoted by V(E). If 



/ m(x)dx < oo, 

Jo 

then 


(31.18) f - 

Je X 

+ [ n(x)dx < 

Since 

f n(x)dx = oo, 

Jo 

it follows from (31.18) that 


(31.19) 

/ n(x)dx = oo. 

J t 

Also from (31.18) 


(31.20) 

A 

8 


Since E is composed of intervals, those can be arranged in order of decreasing 
length and denoted by ( a n , />„), (n > 0 ). Then (31.19) gives 

(31.21) £ f n(x)dx= oo. 

But n(a n ) ^ 1 /a* otherwise a H could not be the end-point of an interval of E. 
Since ji(x) is decreasing, it follows that 

1 Ja n 1 J « n a n 1 \a n / 

By (31.21) this becomes 

(31.22) ?C;- ')= “• 

On the other hand (31.20) gives 

(31.23) E'°E S Z / 7 < «■ 

(l n "tin 

But (31.22) and (31.23) are contradictory. Thus 
f m(x)dx = oo. 
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Again since mi(j) is never larg(‘r then m(x), it follows that if x is in C{M), 
\n(x) ^ n(pr) implies }m(x) > Mi (pr). If j* is in E, then mi(x) = \/x and 
H\(px) £ l/(px). Since p > 2, £ Mi (x) > p x (px ). Thus 

Pi(x) £ n(x), p x (x) £ 1/x, 

and in addition satisfies the requirements of p(z). 

Let 

Then p 2 (x) < pi(x) and is differentiable. Differentiating, it follows easily that 
M*(x) is decreasing. Using p x (y) < {y/p), 

m(px) = px r»Mdy < t* r^), 

y 2 J 2 Jp, y* u 

= k ff* = *„,(*)■ 

That is, 

Ma(px) < $p 2 (x). 

Also, 

f 0 M2 ^ <ix ~ J[ dxx l d y = £ j[ Mi(j/)d?/ = 00. 

Let 

/i»(z) = x f dy. 

V 2 

Then m*(x) bears the same relation to ^(jr) as w (j) does to Ml (x). Thus Mi (x) 
is decreasing and is twice differentiable. Also 

( 3124 ) Ms(s) < 1/x, M3 (x) < p(x), 

Pzipx) < laaC^c), J pz(x)dx = 00 . 

Clearly 

r 1 K i-xpk 

/ M»(*/) dy si] Ma(|/) dy 

** Jt—1 » Xj>4 — 1 

where If is so chosen that 

1 ^ xp* < p. 

Thus 
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f m(v)dy £ X (xp k - *p w W*p w ) = x(p - 1) H i*(xp k ~ l )p k ~ l . 

By (31.24) 

w(l) > 2 m>(pi) > 4 w (p*i) > • • • . 

Thus 

£ w(j/) dy < x(p - l)w(i) Z < W*)(p ~ 1) J• 

But p* < p/x and p > 4. Thus 

f x m{y)dy < ip - \)p*(x)2~ K p. 


But p K ^ 1 fx and therefore 


2 * = pKlogf/logp ^ 



log 2/1 Of p 


Thus 

f Mdy S pip ~ 

J x 

Letting x -> 0 and setting b = log 2/log p, 

(31.25) lim x~ b mix) = *>, 

*—• 0 

Let 

wOr) = hmix) + 


fc > 0. 


Then by (31.24), for j < 1, 

-i 

(31.26) /*<(«) < i, auM ^ W*)» l MiMdx = co, 

and by (31.24) and (31.25) for small x 

mix) < n{x). 


Also 


(31.27) 

Let 

Let be the inverse 


-m!M > hbx- b ~ l . 



function of $(x). Let 


4 >(u) = £ <t>\v) dy. 
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Then Netting — .r and <t>’{y) =- z, y — <l>(z), 


r m p4>'{ 0) 

<t>(u)4>'(u) = 4>'(a) <t>'(y)dy = J z$ f (z)dz 

= ~ x J M 4(2 z)dz g — >Lt 4 (2a'). 


Since yu 4 (.r) < \/x it follows that 

= 0 ( 1 ), 

Next consider (f> n {u). Using <t>'(u) — x, v = 4>(:r), 
0 "( w ) = \/<k\x). 

Tims 


(31.28) 

But by (31.27) 

(31.29) 

Thus (31.28) gives 

Also 

(31.30) 

But 


♦"(«) 


-1 


lim sup A — lirn sup „ mf/ .. 

— I (*'(»<))* —o Mix) 


-* # W = > ? 2 


iu- " 2 . 


» = o((</>'(«)) 2 ), 


"(,A = _ ( !l = _ 

^ ' (*'(J))*|/|| (*'M) V 


*"« - - £C '-‘ m •" + ' :<3 ' )l ) > il” 1 ?’)- 

Since gj is negative, 

That is, $"(jr) > 0. But Q'(ar) < 0 . Thus (31.30) gives 
’s, * 

*'"(i0 > 0. 

We next consider 
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~~ * ^'( u ) - ^-f Q 4>'{y)dy 

- x$(x) + — J Z$'(z) dz 

Jix y ip J x 


y ’ 1 4 P J, 

-p.(2x) r uv) 

2 x ^ L u‘ 


+ L '“?M - i w(2x) 


2 50 - 2 i)* e,) - «■»* C J - * £ '?’* 

= j- w ( 2 r) -if 

4p »2p* v 2 

By (31.2(3), /i 4 (?/) < ]m(y/p)- Thus tin* above inequality becomes 

»*'M - S l v U2r) - J 2 / Jpi *('///')^ 


Thus for largo u, 


w<£'(m) > _ 1 _ 

0 (u) “ 2 p' 


Since <£'(«) is positive and decreasing, 


<*>(w) = jf <f>'(y)dy ^ u<£'(u). 


lun mf a ft 0(a) ^ lim inf u 1 “</»'(a) = lim inf jrfafcr)) 1 ' 




Using (31.27) this becomes 


lim mf «">(«) a Hm ini {.(^ t (2l)l+l ) 

/ 6 Y"*A\ 0W<,_rt 

Hhi) W 


lim inf x a ***. 
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For sufficiently small a it follows that 

lim inf u~° 4>{u) = oe. 

U —*00 


Finally setting <j>'(y) = 2 , 


(<t>'(y)Y dy « — z 2 $'(z)dz 
r ra) 

= — J 3 y[( 2 z)dz 

= - k«(2«)]?' (,) + i | «(&) <fc. 


Thus by (31.26) it follows that 


£ (<t>'(v)) 2 dy = 


Thus <f>{u) as defined here satisfies all the requirements of Lemma 29.1. 

We now turn to (31.17). Clearly if 0'{m(log 10)) - c 

(31.31) £ c A n *'(«(lo,X n )j-X n; r g £ JnrirtloiK)) + £ 

X„>10 c>*'[m(l0iX*))£*/2 n-1 

But (log X„)) ^ \x is equivalent to w?(log X n ) ^ $(?x). Since m(u) is 
the inverse function of this is equivalent to log X„ ^ ^Wfa*)) or 

(31.32) X n ^ c** ( * /2)) . 

But 

y*(x/2) 

<t>(Hhx)) = / <t>'(y) dy. 

J 0 

Setting <f>'(y) = 2 , 

/ *'(« /•♦'«» 

2$'(z) dz = - /i(2z) dz 

n J ft 

= W') - W2*'(0)). 


Thus for small values of x, (31.32) becomes 

X n < 


and therefore (31.31) becomes for small x 


(31.33) 


j? ^'MJogX^J-XnX ^ ^ fJ ce ( * /4) ' i4U> + 2e“ <1/2)Xwit . 

X n >10 x n £. c,,4) '‘« ( * ) n-1 


Clearly for small x, 
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Also the number of A„ § is of the order of c w,)l “ M . Thus (31.33) 

becomes 

e X ^'l*»<logX n )}-X n r ^ C j 3e (8/4) '‘< (ir) (5 f<( * /4> ' ,4( * ) g C <M4U) 

for small x. But m(x) ^ /i(x). Thus the proof of the lemma is completed. 

Proof of Theorem XLVII1. This is an immediate consequence of Lemmas 
29.1, 31.1, and 31.2 once we prove that (X n j as defined in Lemma 31.1 has 
density D > 0. If A (u) is the number of X n < u, clearly from Lemma 31.1, 

A (u) = X 28<j>'(n)e* M + 0(t#'[m(log «)]) 

n <; m(log m) 

where m{u) is the inverse function of 
From this 

-m(log u) 

A (u) = 28 / <t>'(y)e* (v) dy + 0(i/tf/[m(log u )]) 

Jo 

= 28 u + 0(w/>'[m(log w)]). 

Since tf>'M — o(l), 

lim — - 28 = D > 0. 

u—*« U 



CHAPTER X 

THE GENERAL HIGHER INDICES THEOREM J 

32. Introduction. The following Tauberian theorem is due to Hardy and 
Littlewood. 2 

Let {jut} be a sequence of increasing positive numbers such that 

k = 1 , 2 ,..., 

let 




converge for x > 0, and let 

lim f(x) = s. 

x -*+o 


Then 


51 a k = s. 

i 

This theorem differs from the usual Tauberian theorem in that there is no 
restriction on the size of the coefficients a k . The proof of this theorem that is 
of most interest to us here is due to Wiener. 3 This proof is based on the use of 
biorthogonal functions which will be used here*. 

This theorem of Hardy and Littlewood, the higher indices theorem, can bo 
stated in different form. If we set log p k = X* and assume that m > 1, then 
the higher indices theorem becomes: 

Let {A*} be a sequence of increasing positive numbers such that 

Xj^i - X fc ^ L > 0, k = 1, 2, ... . 


Let 

(32.01) La, f <T‘V dy = /(i) 

1 J k k -X 

converge for any x < <». If 

1 Cf. Levinson, General gap Tauberian theorems, Proceedings of the London Mathematical 
Society, (2), vol. 44 <£)38), p. 289. 

* Hardy and Littftwood, Abel’s theorem and its converse (II), Proceedings of the London 
Mathematical Society, (2), vol. 22 (1924), p. 254. 

* N. Wiener, A Tauberian gap theorem of Hardy and LUtlewood, Journal of the Chinese 
Mathematical Society, vol. 1 (1936), p. 15. 
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[32] 


lim f(x) = a , 


Edi = s. 

Wo shall generalize this result of Hardy and Littlewood by cpnsidering 

f(x) = f K(y) dy 

1 J\ n ~x 

in place of (32.01) for a wide class 4 of K(x). In case the a H are suitably restricted 
in size, Wiener showed that the onty necessary restriction on K(x) for a Tau- 
berian theorem is that its Fourier transform should not vanish at any point. 
That this condition is not sufficient for a higher indices theorem where the a n 
are unrestricted we shall pro\e in the* following theorem. 


Theorem L. If X n = n ami 
(32.02) 
then 


(-1)V ,/S 

n\ 


(32.03) 
exists, but 
(32.04) 


lim ^ (i n f e v2/2 dy — s 

z-*ao n«*l *^X n —x 


oo 

z 

i 


(In 


docs not converge . 

This theorem shows that K{x) — e even though its Fourier transform 
e~ u4/2 does not vanish at any point, cannot be included in the class of K(x) for 
which 

lim 2 a n / K(y) dy — s, X»+i — X» ^ L > 0, 

implies 

2 «« ® s j / k(v) 


Proof of Theorem L. 


Since 


00 

= £ 


o 


( 1 ) c ~nu 

n\ 1 


4 In the case of ordinary Tauberian theorems, that is, where the a ti are restricted in 
magnitude, this generalization was made by Wiener. See, for example, A new method m 
Tauberian theorems, Journal of Mathematics and Physics, vol. 7 (1928), p. 161. 



188 


GENEU\L higher indices theorem 


1X1 


we obtain 


Thus 


Let 


Then 


»-o n\ 




-V»/2 


d?/ 


•0 / i\ n , n nS /2 z* 00 

_ ^ £ j g—(l/+n)S/2 

n—0 w! J—x 

= 2 ( _l)e r c .,, /2 ^ 

n-=0 WI Jn—x 

= £,-»,-■*-£ 


d?/ 


_„2/ 2 


dt/. 


0 ° / 1 \» fl*/! /•« 

lim 2] -^- f e~ v * 12 dy = s. 

x—*tc n“l W! Jn~x 


This proves (32.03). Since as n —> « 

n! 


it follows that (33.04) cannot converge. This completes the proof. 

Thus for K(x) = e~ l%n with Fourier transform k{u) — e "“ ,/2 the higher 
indices theorem is not true, but for K(x) — c _e V with Fourier transform 
T (1 — iu) it is true. Therefore a general higher indices theorem \\ ill be suffi¬ 
ciently restrictive to distinguish between these two K{x). 

In what follows we shall assume that 



dx = 1 . 


The basic result of this chapter is: 

Theorem LI. Let 

(32.05) Z a. [‘ K(y) dy = /(a-) 

l J K-* 

converge uniformly for all x £ X for any X. Let 
(32.06) X n +i — X n s= L > 0, 

Let K(x) €L(— oo, oo). Its Fourier transform is 


n ^ 1 . 
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kM = 

Let k(u -f iv) be an analytic function of w = u + iv, in the half-plane v > 0 and 
continuous for v ^ 0, and let k r (u ) exist. Lei c — 2 tt/L and let A be a positive 
constant. Suppose that £ is a real variable. Let 


(32.07) 

max 
|€IS* 1 

k{u + £) 1 
1 k(u) 1 

£ e" M , 


(32.08) 

max 

1 

k{w + £) 
k(w) 

S Ae AM , 

v £ 0, 

(32.09) 


1 k'(u ) 

1 Hu) 

5 



where 0(u) is a positive even function of u, monotone increasing for u > 0, and 


(32.10) r •«*<.. 
j 1 u 2 

Then 

(32.11) lim sup | a n | ^ C 0 lim sup | fix) | 


where C 0 is a constant depending only on K(x) and L. 

This theorem reduces the higher indices to the level of an ordinary Tauberian 
theorem. Using Wiener’^ general Tauberian theorem, a corollary of Theorem 
LI is that if 

(32.12) lim f{x) = s, 

*-*00 

then 

(32.13) im = <. 

1 


Here we shall prove a more restricted corollary. 

Theorem LIT. Let the hypothesis of Theorem LI be satisfied. In addition let 
xK(x) e L( — «3, oo). Then (32.1 2) implies (32.13). 

The statement of Theorem LII includes the Hardy-Littlewood higher indices 
theorem since 


k{w) — 


1 

( 2*) 1 ' 2 


r(i — iw) 


by well-known theorems satisfies (32.07), (32.08) and (32.09). 

Let us now see what excludes K(x) — e~ r * 12 / (2ir) ,/i! . Here k{w) = e 


* /2 /(2ir) 1/2 
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[X] 


and clearly (32.08) and (32.09) are satisfied. As regards (32.07), for large u 


max 


e (« H )*/2 


e r\u\- c */2 


and therefore here 6(u) = | u |. Thus (32.07) is not satisfied and it is this that 
excludes e~ r * l2 /(2 ir) 1/2 . This shows at once that requirement (32.07) is essential. 
Once (32.07) is assumed, (32.08) is implied by what are apparently much weaker 
restrictions, but this is of little interest since for the usual K(x), (32.07) will 
assure (32.08) anyway. As for (32.09), it is no restriction at all for the usual 
K(x). Cnder very general conditions (32.07) will in fact assure the much more 
stringent 


k\u) 

k(v) 


S e(u). 


Thus (32.07) is the basic criterion for Theorems LI and LII. 

Clearly (32.09) implies that k(w) ^ 0 in the half-plane , v ^ 0. It can be shown 
that in fact k(w) can have a finite number of zeros in the half-plane v ^ 0, so 
long as k(u) ^ 0, (| u | ^ t/X), by varying the proof given hero for the case 
where there are no zeros. 

An alternative statement of Theorem LII is 


Theorem MIL 

Let 


Let j/i„) be an increasing sequence such that 

Hn+l/Hn ^ e L , 


L > 0. 


fl a n N(xp n ) = f(x) 

i 

converge uniformly for x ^ Xo for any x 0 > 0. Let N'(x) t 7,(0, =c) and N'(x) 
• log x t L((), Qo). Let 

Uu) = (2i)17s l X'W x ~"‘ dx - 

Ifk(u -f iv ) satisfies (32.07), (32.08) and (32.09), then 

lim/(:r) = s 
*-*+o 

implies that 

2 = s/N(0). 


A particular case of this theorem is N(x ) = xe */(l — e *), for which 
'**’ k(u) = r(I - tu)f(l - iu). 

That k(w) satisfies (32.07), (32.08), and (32.09) follows from well-known 
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Mn e *•* 

1 - e "** 1 


is known as a Lambert series. Thus a corollary of Theorem LIII is that the 
higher indices theorem holds for Lambert series. This result was unknown before 
the proof of Theorem LI I in 1937. In fact the Hardy-Littlewood higher indices 
theorem remained an essentially isolated theorem until the theorem for K(x) 
was proved. 

We shall also prove the following result. 

Theorem L1V. 6 Let the hypothesis of Theorem LI be satisfied. In addition 
let xK(x) e L(— oo, cc ). Then 

(32.14) lim inf \f(x) — a} = — il, lim sup \f(x) — s) = S2 

x-*oo x—ao 

implies that 

(32.15) lim sup £ a k — s ^ C\S2 

n-*oo | 1 i 

wh(r( Ci is an absolute constant depending only on L and K(x). In particular , 
if X«u — X„ —> oo then = 1. 

33. Reduction to a lemma on biorthogonal functions. The proof of Theorem 
LI can be at once reduced to the proof of the following lemma. C 2 , C*, 
denote positive* constants depending only on L and K(x). 

Lemma 33 1. If th( hypothesis of Theorem LI is satisfied, there exists a sequence 


of functions {B n (x, B)\, (n ^ 1), such that 


(33.01) 

f | Rn(: r, B ) | dx < Ct, 

J— BO 


(33.02) 

«.(ar, B) = 0, 

x > CsB, 

(33.03) 

rW2 n 

[ \B.(z,B)\dxZZ t „, 

•'-*> A n 

n £ 1, 

(33.04) 

f ft n (x, B) dx f K(y ) dy = 0, 

J~ oo •N*-* 

k t* n , 

and 



(33.05) 

lim f R n (x, B) dx f K(y)dy = 1. 

B—*oo J— to x 



Before proving the lemma we shall use it to obtain Theorem LI. 

6 For K(r) (~ tX e r tIiis theorem was proved by Ingham, On the higher indices theoiem of 
llaidy and Littlewood, Quarterly Journal of Mathematics, vol 8 (1937), p. 1. 
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Proof of Theorem LI. Clearly 

£ ft.Or, £)/(*) dx = £ ft„(z, B)dzjta t jf ^ ftfe) dy. 

Since B„(x, B) = 0 for x > C«B and since the series on the right converges uni¬ 
formly for x < C a B, integration and summation can be inverted to give 

£ ft. Or, B)f(x) dx = 'jta t £ ft.(r, B) dx j[£ *(?/) iy. 

By the orthogonality property, (33.04), this becomes 

(33.06) a n J R n (x,B)dxJ^ K(y)dy = J R n (x t B)f(x)dx. 

By (33.01) and (33.03) 

B»(s, B)/(x) dx ^ max |/(x) | ^ | B n (x, B) I dx 


+ 


max |/(x) | f lR n (x,B)\dx 

x£\j2 J\ n /t 


c 4 


^ riTa max I/M I + C * max l/(*) I* 

An 

Thus (33.06) becomes 

|a« f R n (x, B) dx f K(y)dy I ^ ^ 4 2 max |/(x) | + Ca max |/(a*) [. 
I **-« I A" *£A„/2 

By (33.05), letting B —> <x>, this becomes 

I a. | g % max | f(x) | + C, max |/(x) |. 

An *^Xn/2 


From this (32.11) follows at once, showing that Theorem LI is an immediate 
consequence of Lemma 33.1. 

Theorem LI1 can now easily be proved by an argument like that originally 
used by Tauber. 

Proof of Theorem LII. There is obviously no restriction in assuming that 
8 = 0; that is, 

lim /(x) = 0. 

*—»oo 


By (32.11) it follows that 

* 

(33.07) * lim o n = 0. 


Let us now take 
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Then 


Vn — ^(X n 4" X M +i). 


E«if K(u) dy +52 a k [ K(y) dy = /( v n ). 

1 n n+1 "^k~ v n 

This can ho written as 


(33.08) J2 a/ - 52 Ok [ K(y)dy + 52 a a /* K(y)dy = f(v n ). 

1 1 J-oo n+l J Xt-'n 

Clearly 

I * Ak-*n I 

ZflJ K(y) dy 
I 1 j- 00 ! 

["Z*l * B n At *"« 

s £ l<u| / |*<*)i>/ir + £ |« t | / • lirwirfv 

1 i-ao [»721+1 J-ao 

ln/2| - <w A. / ». /. («H/2 A)/. 

^ ma\ | | £ / | X(y) | dy + max |aj S / I A(y) I dy 

A.=l J—oo A£ n/2 (n/2] •'-00 

/ — n/«/2 «o a (1/2+;)/. 

I K(y) 1 dy + max | a k | 51 / I K (v) I dy 

ac fc^n /2 J —0 J— go 

a »£,/2 « --(1/2+;)/. 

^ max | a/ | n / | A(y) | dy + max | a k | 2 0 + 1) / I K(v) I dy 

' JL. A2»/2 j”0 J-(S/2+;)r 

9 - -«/,// o A /*- (1 / 2+ -' )i 

^ max | a* | 7 / | yK{y) | dy + max | a L | j 52 / i V K ^) I d V- 

L J -ac tgn/2 7—0 J-(3/*f;)/. 

From this it follows at once that 


» /•A*-r n 

52cu [ K(y) dy 
1 J-00 


(33.09) 

1 J— 00 

1 

»—n/,/2 2 r~ L W 


£ max \ol\j 

/ I yA(y) | dy + max | a* | - / | ?/A(y) | dy. 

JLso n/2 J-00 

Also 

52 d k [ K(y) dy 

^ max | o* | 2 /* | A(y) | dy 

fc> n )-0 J(l/2+/)A 


*+l J h~'n 1 

ao /• (3/2+;) /. 

^ max | a k | 2 0 + 0 / 1 #G/) 1 dy 

k>n 7-0 J(l/»+;)/. 

(33.10) 


2 f" 

£ max | d k | j / I yK(y) | dy. 

A> n J/./2 


From (33.08), (33.09), and (33.10) it follows that 



194 


GENERAL HlflHEfc INDICES THEOREM 


[X] 


w 9 /* -nLli 

2 a>k ~ /(*0 £ max | aJ f J^ | yK(y) | dy 


+ max \a k \j[ | yK(y) | dy. 

fc^n/2 Li J -go 


By (33.07) and the integrability of yK(y) it follows that 


lim /GO = S. 

1 n-ooc 

This completes the proof of Theorem LII. 

Proof of Theorem LIV. There is no restriction in assuming that s = 0 since, 
for example, aj can be replaced by a x — s. Thus (32.14) becomes 

(33.12) lim inf/(a) = — ft, lim sup/(:r) = ft. 

*-*oo *-*00 

It follows from (32.11) that 

lim sup | a„ | ^ Coil. 


Used in (33.11) this gives 

(33.13) lim 1 1, <h - fM I S 2C f f | yK(y) | dy, 

n —»oo II ' 1j J—oo 

from which (32.15) follows easily. 

We now consider the case in which X M1 — X„ —> oc. For N > 0, lot 

QO *00 

Z) a* / X(y) dy = /at(x), Lat = min (X*+i - X*). 

JV+l 

Applying (33.13) to f N (x), 

lim sup I it a k - fsM I ^ 2 f- [ | yK(y) | dy. 

n-*oo I JV+1 j IvAT J-oo 

But 

I N I 

lim /GO -/*GO -LoJ = 0. 

n—*oo | 1 | 

Thus 

lim sup I £ a* - /(v„) I ^ 2 f° Q f | yJ£(y) | dy. 

n-*oo | 1 | JJN *'—oo 

Taking N sufficiently large we can make L* arbitrarily large. Thus 

t#^ , in | 

% ' lim £ A* - f(v n ) I = 0. 

n-*oo j 1 | 


Therefore 
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lim sup £ a* - * £ lim sup \f(v n ) - #| + lim £ a k - f(v n )I = a. 

n-*«o | 1 | n-»» n-»oo | l | 

This proves Ci = 1 when X n+1 - \ n -> oo. 

34. Proof of the lemma. We now turn to the proof of Lemma 33.1. We 
will require several auxiliary results. The first of these is an interpolation 
result. 

Lemma 34.1. For every n > 0 there exists an //„(«) eL(— «, x), such that 
(34.01) //„(X„) = 1; H n (\ k ) =0, k 9* n, 

where |X,J an asm Theorem LI. If 

(34.02) *.(«) = {2 l )m HMc--d», 

then h n (u ) = 0, | u | > c, and 
(34.03) /<.(«) = ff„(u)e~”\ 

where 

(34.04) | g n {u) | < C\ , | gU«) I < C* • 

/Vcw/ «/ Ijt mnm 31.1. Throughout this proof n is some hxed positive integer. 
For — oc < /r < qo let 

<r* = \kl; if | \kL — \ m -h X„ | > \L for all m > 0, 

= ]kL if \kL — X w •+• X„ = \L for some m, 

<Tk = X m — Xji if —\L ^ ^A:L — X m + X„ < \L. 
r Fhis defines {o*} unique!} and 

| <T k - ikL | ^ \L. 

Also 

<Tk +1 “ O’* ^ JL. 

Moreover {<r*} ineludes {X m — X„) for all m ^ w. 

Let 

Then 

I I = L TT I 1— s/ffk 111 — s/o-_* I 

I sin 2tts/L | 2ir| s] i 1 1 — 2s/kL 111 + 2 s/kL \ 


Clearly 
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1 - s/<r K ,'<11 sjV* 3_1 kL) < . ,_ jL\ «\ 

1 =WkL\~ + * k (s - i kL) ~ (1| k\L - lL)\s - WA 


= 1 +__ 

1 + (2|A*|-1)|5-1*L| 




If N is defined by \NL — \L 2S | s | < \NL + \L, if s is in the right half-plane, 
and if indicates the omission of k = 0 and k = N, then for | s | > 10L 


V" 1 ^ 2 

^ |^(s- likL)| ~ L 


+ ± y 1 x 3 'v 1 ! 

fS** + |a|-«,|lk| + |«| i k 


+ * T _ } _ + iV„ i_ 

N tivW+i (# - n - })L ^ Nki (n - AT - })L 


+ I 


L tftfi (n — - l) 2 


^ 100 log I 8 1 

|a| 


This must hold just as well for s in the left half-plane. Thus for | & | > 10L, 
by the three results above, 


Tie) 

sin 2 rs/L 


£ 100L 


8 •— O n 

8 NL 


It follows easily from this that 

(34.05) | T(a) | ;$ CKl + | « \) m e* u{IL 


where t — 3s. 

From the definition of ok it follows that in an interval of length 500L there arc 
at least 200<r* not of the form \ m — X„ , (vi > 0) Let such ok in ( —250L, 
250L) be denoted by u , r 2 , • , r 20 o. Then by (34.05), 


Let 


_W«) _ < _ <?8 2»1*|/Ji 

(1 — S/Ti) • • * (1 — s/tjmo) “ (1 4* | « |) 4 


HM = 


_ T(s - Xn)_ 



Then H n (s ) satisfies (34.01). Also 


(34.06) 

where we recall tha't c = 2 v/L. If 

gM = £ h „( 8 + d «, 
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then by (34.06) 


Similarly 


| Q n (u) | < C» . 


\g'n(u)\ < Cio. 

By the Cauchy integral theorem and (34.06) the path of integration for g n (u) 
can be closed in the lower half-plane if v > c giving g n (u) = 0. A similar 
result holds for u < —c. Thus 


| g n (u) | = 0, I u | > c. 

If h n (u) is defined as in (34.02), then clearly 

K(u) = £».(« + = •-“•gJM. 

This completes the proof of the lemma. 

Lemma 34.2. There exists a function <f>(u -f- iv ) analytic in the upper half- 
plane v ^ 0 and such that 

(34.07) | <f>(u + iv) | ^ C , la c c,, ^ v £ 0, 

| | is even , and 

-m*) 

(34.08) l+(«)| ^ Cu r j— 4 , 

where $(u) satisfies the conditions given in Theorem LT. Moreover , if 

(34.09) 4>(s) = ( 2 ^r, 2 £ <t>(v.)c xn du, 

then 

(34.10) | 4>(«) I s c u , I $'(«) | s r„, 
and 

(34.11) *(0) = 1. 

In this lemma s is a real variable. 

Proof of Lemma 34.2. Let 0i(w) be an even function of u defined for u > 0 
by 

«i(u) = 4#(u) + 2 u 1 '*. 


Clearly ffi(u) is monotone increasing for u > 0. Let 



198 


GENERAL HIGHER INDICES THEOREM 


[X] 


x(u ’ v)= lL(u 


(« 


(y + 1 )*»(*) rf , 
- i ) 2 + (»"+ 1) 2 1 




£ 4- i(v + 1) 


dt 


By (32.10) the above integral defines X(m, v) as an harmonic function in the 
half-plane v > — 1. For u > 0 


x(u ’ 0)fc W. ? ;rf+i«* 

^ |0i(w) ^ 20 (m) + w 1/- . 


ji 
i + e 


Since X(w, 0) is even, it follows that, for all u, 

(34.12) X(n, 0) ^ 2 6{u) + \u\ m . 

It is well-known that there exists a function /*(«, v) conjugate to X(«, v). Let 
w = u -f w. Then 


g(w) = \(u, v) + in(u, v ) 

is analytic in the half-plane v > —1. Since \(u, v) ^ 0, 

(34.13) |<T ff(w) | £ 1. 

Along the real axis, by (34.12) 

(34.14) |< | ^ e 2,(f,) " ,tt|1/a . 

Let 

*■<•> - (> 

4>i(s) is not identically zero since it is the Fourier transform of Thus for 

some value of «, 4>i(s) ^ 0. Let such a value of s be a. Then 

'“•■s' (4 .£«— 

Let 

—®(w)+tow 


Then by (34.13), (34.07) follows, and by (34.14), (34.08) follows. Let <f>(.s) 
be defined as in (34.09). Then by (34.15), (34.11) is satisfied. (34.10) follows 
easily from (34.08). This completes the proof of the lemma. 

Proof of Lemma 33.1. Using the terminology in the statements of Theorem 
LI and Lemmas 34.1 and 34.2, let us define 

(34.16) r„(u, B) = ~ ( 2lr )i/^ ( M ) J„_ c - y)e "‘dy 


By (32.07) and (34.04) 



(34 ] 


PROOF OF THU I,EMMA 


199 


10.(«, B) I £ CtB[ u le*'"’ /“ ' | <f(By) \dy£C t \u le"* 1 P**’ | <j>{y) \dy. 

J w-C ■0»< tt-c) 

Thus for | u | £ 2c it follows from (34.08) that 

(34.17) | r„(u, B) | £ C t | u \e HM f \ *(y) \dy £ C u \u |. 

For | w | > 2c and 5 > 2 it follows from (34.08) that 

(34.18) | r„(u, B) | § C 5 |u |e #, “> f 4>(y)dy £ -^- 2 . 

*»|u| 1 t u* 

Thus 

(34.19) [ \r n (u,B)\du <Cn. 

J -00 

From (34.16) we also have 

a i.-v. h si - - (i £>»»>,;<. - 

-(«%>(' - w) C - »)«-■* 

Treating each of the terms on the right in a manner similar to that used on 
(34.16), it follows easily that 

(34.20) |^(e--r.( Ul B)|| S . f ^_ 2 . 

If we define 

«.(*,B)= (2^-. £<-.(«, 
it follows from (34.19) that 

(34.21) | R n (x, B) | < Ci« . 

Also 

*.(* + X.. B) - ( 2 ~yin £ '•.(«. B)e Mn e <ux du, 
and integrating by parts, 

-**.<* + A», B) = ~ £ gj (r»(«, B)e’“ > ‘*|e'”'(lu. 

By the theorem for Fourier transforms, Theorem E, and (34.20) 
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(34.22) J x ! | Unix + X„, B)\‘dx £ C». 

From this and (34.21) it follows by the Schwarz inequality that 
jjK.Or, B) | dx < C t . 

This is (33.01). Again by the Schwarz inequality 

/ X„/2 ( r oe M/* ( r X n /2 A M/2 

Using (34.22) we have (33.03) at once. 

Clearly by (34.16) for real w 

r n (w, B) = £ k ( w ~ v)+lB(w - y)\h n (y)dy. 

But this definition shows that r n (w , B) is analytic in the half-plane v > 0 and 
continuous in v ^ 0. For v ^ 0, by (32.08), (34.07), and (34.01) 

| rjw, B) | £ B | w | A e' 11 fisf e ‘ 18 '2cC 6 . 

Or for B > 2 

(34.23) | r„(w, B) \ fi BCW> i ’ r,!W , v i 0. 

By Theorems C' and C of Phragmcn-Lindolof, (34 18) and (34.23) implv that 
in the upper half-plane v ^ 0 

|r„( W ,B) e “ c «**‘|£ 

From the definition of li n {x, B ), it now follows that for x > 2BCn the path of 
integration can be closed in the upper half-plane giving 

R n {x, B) = 0, r > 2BC i% , 

and this proves (33.02). 

(34.16) can be written as 

(34.24) = ( 2 f)‘/2 L r k ( V ~ vM B ( u ~ 

By the definition of k(u ) we have 

£ r n (u, B)k(u)e'““ du = ^ £ r„(u, B)e' uy du £ K(x)r"’ dx 

“ (2i)I» £ K W £ r.(m B)e- ( '-> «iu 
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The repeated integral here is absolutely integrable, so that inversion of the 
order of integration is permissible. The result can also be written as 

j£ r„(u, B)k(u)e' u “ du « £* R n (x, B)K(y - x)dx. 

Integrating with respect to y, we have 

/•« -»KO _ tut »a 

(34.25) / r„(u, B)k(u) da = R„(x, B)dx / K{y-x)dy. 

Since r„(u, B)/u t L(— «, <x>) by (34.17) and (34.18) and since k(u) is bounded, 
it follows by the theorem of Riemann and Lebesgue that 

r„(«, BMu) e „a du = Q 
iu 

Letting a —> oo in (34.25) we have 

(34.26) -f BWu K"“du - f“ R„(x, B) dx f K(y) dy, 

•i— oo tW J- oo »|—z 

since the repeated integral on the right is absolutely integrable. 

Let 



(34.27) 


/ oo B f c 

e"“du y v y l2 l c Hu ~ y)<t>{B{u - y)}h n (y) dy 


= £ dll £ B4,\B{u - y)\hjy) dy _£ K(xy«~ »’ dx. 

That this repeated integral exists and is absolutely integrable is clear if it is 
written as 

./„(«) = -! f“ K(x) dx f KW dy f B<t>\B(u - ?/))«•*<• 

ZTT J— oo J—c J— oo 


(fit. 


It follows from (34.09) that 

■ / " (s) - wly» £ * (l) 

(34.28) ~ . _ . 

= J/„« ff -)dx. 

Since (34.26) is the transform of the left side of (34.24) and ./«(«) is the transform 
of the right side, (34.26) and (34.28) are equal giving 

(34.29) £“ R.( x, B) dx £ K(») dy = ff „(») £ JC(*)* <fc. 

Since #«(*«) - 0, (m ^ n) t (34.29) with s = \ m gives (.33.04). Since H n (K) = 
1, (34.29) becomes, with $ = \ n , 
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J R n (r,B)drJ^ K(y)dy^j K(x )^>^ n -~^ dr 

= £ X(x) j$(0) + | dy> dx. 

Using $(0) = 1 and (34.10), as B —> oo 

/ « r® /•» «(X ft —*)/ir 

B»(s, B) dx A'(«/) dy = 1 + £ iC(x) dx <b'(y) dy 

= 1 + jL l/s -K(*) dx j o &(y) dy 

+ur 1+ £,.)**> Ht) - •«»}* 

- 1 + o(^) + o(l) = 1 + o(l). 

But this is (33.05). This completes the proof. 



CHAPTER XI 


THE GENERAL UNRESTRICTED TAUBER IAN THEOREM 
FOR LARGER GAPS 

35. Reduction of the general theorem to the basic lemma. In the last 
chapter we proved by an example, Theorem L, that the higher indices theorem 
is not true for K(x) ~ c xln /(2r) 112 . The question now arises as to whether a 
more stringent condition on {X„} than the condition Xn+i — X„ ^ L > 0 of the* 
higher indices theorem would be enough to give an unrestricted Tauberian 
theorem for K(x). (By an unrestricted Tauberian theorem we mean one where 
there is no restriction on the size of the coefficients of the series involved.) We 
shall see that such a theorem exists and that for c a ’ ,/2 /(2ir) 1/2 the basic require¬ 
ment will essentially amount to 



The following theorem is an example of the results of this chapter and is a 
corollary of the considerably more general Theorem LVI that follows it 

Theorem LV. Let 

it <*n [ K(y) dy = f(x) 

where the series eonverg< .s uniformly for x ^ X for all X. I a t 


(35.01) 

Xn+1 X n : 

^ Xn - X w — 1 , 

n > 1. 

Let A(w) he thi number of \ n < u. Let K(x) tL{ — 

x , oo) and lit 


(2 »)>« 

f°K(x)c-"' 

J 00 

dx. 

Lei thin ex id a function h{w), w = u 

-j- id, coinciding with h(u) foi nat w and 

analytic for v 6 

— 25 for some 8 > 0. 

Let a(u) Ik 

a positw( evtn function m- 

creasing for u > 

0 such that 



(35.02) 

1 k{w + ft) 
8 1 Hu>) 

^ 1 * 1 «(l 

1), v a - s, h | s j. 

If 




(35.03) 

r du /•"'“> 

J 1 

dy < o o 

y 

> 

then 
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implies 

(35.04) 


fix) = 0(1), 
o. = 0(e AK ), 


for some A depending only on K(x) and |X„j. 


x -» oo, 


n —* oo, 


While (35.04) is not yet of the form a„ = 0(1), it gives a sufficient hold on 
a n to make further deductions comparatively simple. 1 

Condition (35.03) states that the faster a(u) grows the blower A (u) must grow. 
For K(x) — e“* 1/2 /(2ir) 1/a , k(u) — e~“* /2 /(2x) 1/2 and therefore in this case a(u) 
is essentially \ u\ . Thus (35.03) becomes 


This is equivalent to 


Ji w* J i y 

f ^dy<o o 

Ji y 2 * 4 


which in turn is equivalent to 


(35.05) 


±' r < 

1 A» 


00 . 


It will be seen in Theorem LVIII that (35.05) is a best possible result. 

To avoid the somewhat restrictive condition (35.01), the following more 
general theorem is necessary. 


Theorem LVI. Let 

£ a n f K(y) dy = fix) 

1 j\ n - X 

where the series converges uniformly for x ^ X for alt X. Let 2 


(35.06) A„+i - K ^ L > 0. 

Let A (u) he the number of A„ < u. Let K(x) e L(— *>, so) and ht 

Let there exist a positive even function a (u) increasing for u > 0 and let 

(35.07) pM = max J dy, 

Jt Jr 2 + y* y 

1 Here we shall use-jjfe method of this chapter to show that (35 04) leads to a„ = 0(1). 

This fact also follows*from a result of Pitt. H. R. Pitt, General Taubenan theorems , Pro” 

ceedings of the London Mathematical Society, vol. 44 (1938), p. 243, Theorem X. 

4 Condition (35 06) can be very considerably weakened without affecting the theorem 
and is of secondary importance here. 
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and for 5 > 0 let 

(35-08) p( u ) = min (6, pi(u)). 

Let there exist a function k(w), w = u 4 iv t coinciding with k(u) for real u and 
analytic for v ^ ~p(u). For complex s let 


(35.09) 

to* 

k(u) | 

^ 1 * 1 <*00, 

1 * 1 ^ p(w), 

(35.10) 

, ' k(w + «) 

1ok ; hw) 

^ M | w |, 

M ^ p(M)> V £ 0, 

for some M > 0. Let 

d(u) = max 

[p(y)a(e)} 


and let 




(35.11) 

. ! k'(u 4 s) , . 

log | k(u) £9(,l) ’ 

M ^ pOO. 

If 




(35.12) 

8 

£ 

C. 

A 

8 


then 

/w = 

0(1) 


as x —* * implies 




(35.13) 

a„ = 0(c u ”), 

n —> oo, 


for some A depending only on K(x) and {X„J. 

This theorem is the basic result of this chapter. To complete 1 this result the 
following theorem is necessary. 

Theorem LYII. If in addition to satisfying Theorem EVI [or LVJ K(x) = 
0(e” u 1 °*) for some e > 0 as x —> *, then 

(35.14) lim sup | a n | ^ C 0 lini sup | f(x) | 

n—*oo x-*ao 

for some Co depending only on K{x) and {X„}. 

From (35.14), Tauberian results, such as 

f{x) ->« 


implies 
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2 = * 

or such as 

lim inf {/(.r) — s} = — ll, lim sup \f(x) — «s} = ll 

implies 

I _ n _ I 

lim sup S °n - « ^ Ciily 

n —*oo I 1 | 

follow quite easily exactly as in the previous chapter, making it unnecessary to 
reconsider these results here. 

That these results are best possible at least for K(x) — e /2 /(2tt) iy “ is shown 
by the following theorem. 

Theorem LV11I. If Kw — X w ^ L > O'* ami 
(35.15) 


then there exists a sequence {« n } such that 


but 


diverges. 


00 -00 
lim 23 a n I 

T~*00 1 


r - v 2 /2 

(2ir)'« d " ~ * 


t 

1 


«n 


We now turn to the proof of Theorem LV I. This proof resembles that of 
Theorem LI in many respects, although it differs radically from it in certain 
respects. 

Lemma 35.1. If the conditions of Theorem LV1 are satisfied, there exists a 
sequence of functions \Rn{x) } such that 

(35.16) j[ | ft.M | dr = 0(< AXn ), v — », 

(35.17) Rn(r) = 0, .r > s„ < =c, n > 0, 

(35.18) f «„( x) dx f K(t) dy = 0, k * n, 

J—m 

and 

(35.19) [ It n (x) dx f K(y) dy = 1 

J-Q 0 J\ n X 

where A depends only on K(x ) and {A„}. 


* This condition can be very much weakened. 
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Before proving this lomnm we shall use it to prove Theorem LVI. 

Proof of Thforcm T/VI. Multiplying the equation 

f K(y) dy = f(x) 

*-1 J\ k -x 

by Rn(x), integrating over (— «, <*) and inverting the order of integration and 
summation as is allowed since R n (x) = 0 for large r, we have 

Ha k f R n (x) dx f K(y) dy - [ f(x)R n (x) dx. 

k—l J— oo J\h—x J— oo 

By the biorthogonal property of R n (x ) this becomes 

a n = / f(x)R n (x)dx. 

By (35.10) and/(j*) = 0(1) this becomes 

a n = 0(e AXn ), /? —> oo. 

This proves Theorem LVI. 

36. Existence of auxiliary functions. Before proceeding further we shall 
prove that wo can assume 

(36.01) lim A — = 0. 

x —►*> X 

For suppose that 

lim sup = a > 0 

x—» 00 X 


Then since A(.c) is non-decreasing 

Ax A(y) 


pi(u ) = max / 

x>a(u) Jo 


! + y 2 


dy 


(36.02) £ lim sup f dy ^ lim sup A(x) f 

4 x l +y l y x-*eo 4 


Ax dy 
5r*2x 


— lim sup 


2 A(r) = 2 

5 x 5 


But if pi(u ) ^ 2a/5, it follows from the definition of 6(u) that a(u) must satisfy 
the requirements on 0 (m)» that is, 


(36.03) J t du < 00 ■ 


Since p{u) = min (5, 2o/5) and a(u) satisfies the requirements of 6(u), (35.09) 
implies (32.07), (35.10) implies (32.08), and (35.11) implies (32.09). Thus if 
(36.01) is not satisfied the hypothesis of Theorem LVI implies that the hypothe- 
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sis of Theorem LI is fulfilled and thus in this ease Theorem LVI is proved by 
Theorem LI. (Actually in this case Theorem LVI is somewhat more restrictive 
than Theorem LI.) Thus for the remainder of this chapter we shall assume 
that (30.01) holds. Since pi (a) is a decreasing function and since pi(u) k 2a/5 
leads to Theorem LI, it is clear that we are interested only in tin* case where 
Pi(u) —► 0 as u —> oo, and therefore where p(u) 0 as u —> 0. That p(u) —► 0 
is in fact implied by (30.01). 

Let (\ , C-i , ■ • • be positive constants which depend only on K(x ) and {X„|. 
(We shall assume that 5 is fixed for any k{w) and therefore also depends only 
on K(x).) Let 

(36.04) F(z) = (l - J). 

Lkmma 36.1. If the conditions of Theorem LVI are satisfied , there exists a 
sequence of functions !/*(*)}, analytic for | a | > 0, such that 

mu) 

(36.05) l/.WI S C t| ^ |, MSp(«), 


and such that if C is a path about s = 0 

(36.06) 

21* 

wherr 


(36.07) 

F (z) - . . 

W F'(X„)(* - X.) 


Proof of I.rmmn 36.1. FJz) is defined as iti (36.07). For 1 / 0 we define 

/»(«) by 

(36.08) /„(*) = f F n (z)e~'“ dz 

Jo 

where the path of integration is along the line am z — — am s — ^tt, and there¬ 
fore along the path of integration e = e |M| . Since we assume that A(u)/u —> 
0, by Theorem XXX, F{z) = 0(c* |z| ) for any e. Thus by the Cauchy integral 
theorem we can rotate the path of integration of /„(&•) through any angle less 
than 90°. Therefore /„(«) can be defined in any sector of the s plane whose 
angle is less than 180° by integrating along a fixed line in the plane (fixed for 
any particular sector). Thus f n (s) is analytic in such a sector excluding s = 0, 
and since the s plane can be covered by three such overlapping sectors, /„(«) is 
analytic in the entire s plane except for s = 0. 

From the definitTdn of f n (s), 

!/-(«) I £ j[V.(*)|e-'"'|<fe|. 


(36.09) 
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Using the prime on the product sign to denote the omission of the term k = n, 

WM IF.MI s l r,V,)|| 1 -^''|0'( 1 + 'if). 




Thus (36.09) gives 


IW,)I s f <x - + ” ? (’ + a)""'"' 


l ‘ , ?( 1 + a)"i + " 1 


2a; 2 A (y) 
a* 2 -f y 2 y 


(36.12) gives 


(36.13) lAWIS^^-ijf (* + Xje*p{-/|.| + j( ? 

Let 

(36.14) Ji= J o C* + U exp |-j-| «\+ J t yl dy\dr. 


2x - A(y) dy\dx. 

’ + »/ y 1 


* 2 + y 2 u 


±r 2t * aw*, r A{y) dv >o 

di Jo x 2 + y 2 y Jo (x 2 + y 2 ) 2 v 
it follows that 


f 2x A (y) j f 
max / — dy = 

x-«( M ) Jo a* 2 + y 2 y Jo 


2a\u ) My) , 
a 2 (u) 4- ?/ 2 y 


.*+/» 


^ J a(u) max f 4 * 2 A - y ) dy = l <x(u)pi(u). 

2 z^«(u)Jo x 2 + ?/ 2 y 2 

Since pi(w) -* 0, p(u) = pi(u) for large </. Using the above inequality in (36.14), 
we have therefore for large u 


r (») 

(* + K)e~ 


Thus 
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-a(«) 

(36.16) Ji £ J (* + dx < a(w)(X„ + a(u))e° 


(36.17) [ (j + X„)oxp(-x|«| + x f 

J a( t») l Jo 


Since for large w 


*js«(«) Jo r 2 + y 2 y 
For | s | ^ p(w), 


2j A (y) 1 , . 

+ »• - rftf = 2 p(«), 


A j ! + ^ ! y v r 


r (x + X„)e * 1 ' 1 

J*(u) 


J i ST U + X„) e~’ ,Mn dx, 

Ja(u) 


and evaluating the integral on the right we obtain 

p(w)«(t»)/2 

(36.18) J 2 ^ a*{u)p 2 (u) <**(«) {2tt(w)p(w) + 4 + 2A„p(w)| 

From the definition of p(w) it follows for large w that 


«(«)p(»)> r “ 2(w _j 

Jo otHu) + y 2 ?/ 


V ' X ^ ' Jo a 2 (u) + </ 2 V " 

Since the integral on the right, bv (36 15), is an increasing function of a(w) and 
therefore of m, it follows that for large u 

a(u)p(u ) ^ Cb . 

Thus (36.18) becomes tor large u 

J 2 < Cia(u)e~" MpMI2 \a(u)p{u) + X„p(u)|. 

Since a(u) is increasing and since with no restriction we can assume that Xj > 1, 
(36.20) .It < C 6 a 2 (»)X„f< '<«>°<’‘>»p( u ) a („)| < (>,a 2 («)X„. 

Using (36.13) and the definition of J j and -h , 


l/.WI £ xi|F'(x,)| (/, + y,) - 


By (36.16) and (36.20), 


!«*> w ,pb h> x - V w + 2 H 


< C 7 a { u ) «( w ) P («)/2 

= F'(Xn)l 


I SI ^ p(u). 
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Using (36.19) 

■w*o > r *1 >' r m %v 

Jo a*(u ) 4- 1 / 2 / 2 Jo 2/ * 

Since A(y) £ 1, y > Xi, 

a(u)p(u) > l f d ->\ log «(u; - * log Xi. 

* y z & 


2U 


Or 


(36.22) a{u) < C^ aMp(u \ 

Thus (36.21) becomes for large u 


I/.(•), ^ Ms p(u). 

Since a(u)p(u) ^ 0(t«), and since tlu* term “large u” is used independently of 
n, this result gives (36.05) for v ^ w« for some wo. But since p(u) is decreasing 
it follows that if (36.05) holds for u ^ iio it also holds for u < uq by adjusting 
the constant C 2 . 

We shall now prove that (30.08) implies (36.00). This is a well-known 
result. Let 


(Uearly 


FM = t hz\ 

fc -0 



For large | z \ depending on c > 0, 

I F.(t) | 5 e' 1 --’. 

If | z | = 7? on C and R is large, 


If k is large* we can take R — k/t. Then 
(36.23) IMS S C,£. 


From 


/n(«) = jf F n (z)e (lZ 


we have, if w = izs, 
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Taking w real and using the series for F„(z), 


if 


J nK ' is Jo ft (is) k ft (is)*-" *' 

The inversion of integration and summation is valid since the last sum (and 
therefore the preceding sum) converges absolutely by (36.23) for any s 9 * 0. 
Using the last equality, 


hl u,yrd, ~ 


f, b k k\ 
ft (is)** 1 


= £ hk\ f 7^n-n ds = 52 hz k = l\(z). 
ft 2m Jr (?s)* +1 a —0 


This completes the proof of this lemma. 

Lemma 36.2. There exists an entire function <f>(w) such that 


| <f>{u + iv) | ^ Cn — - — 
1 + w 4 


(36.26) I <t>'(u + iv) | ^ C M -y- 

ic/iere 0(w) satisfies Theorem LVI. Moreover if 




I *(*) | ^ C 1B , I *\x) I £ C lfl 


$6.29) *(0) = 1. 

Proof of Lemma 36.2. By Theorem XXVT and (20.08) it follows since 


that there exists an entire function H{w) such that for X\ , depending only 
on 8(u), 

\v\xx-mzu) 

|fl {w )|S« TT _. 


(36.30) 
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Also the Fourier transform of H(w), h(r) is 8U ch that 

h( 0) ?s 0. 

Let 


«.) - $g>. 

Then if $(x) is the transform of <£(?/), 

$(0) - 1. 

Also by (36.30) and (36.31) 


' ^ * ” [5(0) | (2t) 1 ' 2 /«, 1 + u*' 

A similar result holds for $'(t). Thus we have proved (36.28), and (36.29). 

Since 6{u) is an increasing function of | u |, (36.25) follows from (36.30), 
(36.31) and (36.32). By the Cauchy integral theorem 



*» + *> ds 
s 


where here C is a circle of unit radius about $ = 0. By (36.30), (36.31) and 
(36.32) it follows that 


*iM—1W(2 |m|—2) 

I *'(«0 I ^ On — J_ - . 

I lr 


(36.20) follows at once, completing the lemma. 

37. Proof of the basic lemma. Proof of Lemma 35.1. Let 


(37.01) r„(u>, B) /„(*)k(i» - ,)B^(Bw - B*) dx 

k{w) in Jc 

for v ^ 0, where C is the circle with center at 8 = 0 and of radius p(| w |). The 
functions on the right are defined in Theorem LVI or in the preceding lemmas 
and are analytic for | s | = p(| w |), v £ 0, thus making r n (w, B) analytic for 
v ^ 0. Using 



VII 

"•s 
'—•- 

ao 

VII 

I 

4-2 

"Sc 

b£ 

1*1 = p(«), 

and 

W(«) 



'"‘ >lsc -rpwi' 

MS p(«), 

gives 



(37.02) 

\u\e ,,M f 2 ' 

1 r.(«, B) | S C a j | B| 4>(fiu - Bp*-) | dr,. 
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If | m | £ 2p(0) this becomes using (36.25) 

(37.03) | /•„(«, li) | S H Be' "", | u | S 2p(0). 

If | w | > 2p(0), (37.02) becomes, using (36.25) and recalling that p(| w |) is 
decreasing, 


i , m,,, \»\e 79iu) Be-' mB * l2)+c “ pW “ 

| B) | S C» J,. 


I P'(K) I l + (iBu)< 


For B > 2 this becomes 


I u(u, B) I g Cr 


|m|< 


-mu) c ri B 


I F'(X W )I 1 + M 4 ’ 1 

Using this and (37.03) 

< 37.00 = 

From (37.01) it follows that 

*'-<■■ B > -«.!)(' - //•««“ - ■«'" - »*>•'■ 


«l >2p(0). 




iu 

2irik(u) 


J f n (s)k(u — s)B 2 4>'(Bu — Bn) da. 


By (35.11) and (30.26) in addition lo the results used above in obtaining (37.04) 
it follows in the name way as did (37.04) that 


(37.05) 


u 

1 du 


r n (u, B) I 


e CuB 

- iA v (A»)i(r+«r 


If B n {x, B) is the Fouri(*r transform of r M (u, B), then by (37.04) 

!*■(*' 10 1 s w mQr 

By (37.05) and Theorem K on Fourier transforms 


L 


' 2t* M » 


Using these last t^rt) inequalities and the Schwarz inequality 
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Returning to the definition of r n (w, B) and again using the inequalities for 
/n(s), 0(w), and also the fact that 


gives at once 
(37.07) 


log 


k(w + s) 
k(w ) 


^ M\w\, 


1*1 £ p (\ w \), 


I r n (w, B) | ^ 


„AfM+M(|u>|)fC 2e #M 

\F r (K)} * 


For large values of u, 6(u) < u f for if this were not the ease, 0(u n ) ^ u n for a 
sequence \u n \, u n —► <*. Since u n —> », we can assure u v+l > 2u„ by deleting 
terms. Since 9(u) is increasing 


i; 


0(u) 
u 2 


du > 




U n 
2 u n 


= 00 


which is impossible. Thus 6(u) < u and (37.07) becomes 

CnB\w\ 

(37.08) Voor 

It follows from (37.04) and (37.08) and Theorem C' of Phragmen-Lindelof that 


(37.09) |,--r.(.,»| S|r(i _ ) J- +wr ,i0. 

Since 

R^,K)= ^ )m j\(w,li)e'"dx, 

we can close the path of integration in the upper half-piano if -i > C 2 iB. Thus 

(37.10) Bn(jr, B) = 0, x > C 2 iB . 

From the definition of r n (u, B), 

(37.11) H)kM = [ fMHw - - B»)d». 

Jr 


Exactly in the same way as in (34.26), 


(37.12) 
Let 

(37.13) 


- f r ^ B)k(u) ridu = r IUXi B) dx r K(y) dy 

J-0O IU J-00 h-* 

T n {£) = £ e tw( dw J f n (s)k(w — s)B<f>(Bw — Bs) ds 

= lim f e twi dwj~. f f n (s)k(w — s)B<f>(Bw — Bs)ds. 
a —*oo J-a 2trt Jc 
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If wo take C as a circle of radius p(A), then inverting the order of integration, 
we have 

T w (£) 5=5 lim J-f fn(s)ds [ c' w *k(w — s)B<f>(Bw — Bs)dw. 

Using the Cauchy integral theorem this becomes 

« /• / »A-\-a »—A+a 

r.({) = lira / /„(«) ds(J + I 

A—oo ZlTt "C \J— J—A 

+ f W" — s)B<f>(Bw — Bs)dw. 
Ja+»/ 

Making an obvious change of variables, 

r„({) « lim f Us) ds [ A e ,Hu+,) k(u)B<t,(Bu) du 

a-»oo 2 m Jr J-a 

+ lim . f fn(s)ds( f + [ — s)B<t>(Bw — Bs)dw. 

a -»«o zn Jc \J-a j a+$/ 

Inverting the order of integration in tin* first integral above and using 
±/ c UsW‘ i ds = F„(t) 

gives 

(37.14) TJ(j - /<’„({) j~ c' l “ k(u)B<tt(Bu) du + h+l. 


where 


Ii = * . f f„(s) ds f c"“*k(w — s)B<t>(Bw — Bs ) 
zm Ji J~a 


dw 


and 1 2 is the other similar term. Since C is of radius p(A) on the path of inte¬ 
gration (— A, — A + «), 

I k(w — S) I MA)p(A) < »U) 

I K-A) I - * ' 

Using this and the inequalities for /„($) and 

e*U) 9U) n -1MBA12) \C 12 Bp{A) 

TOF-* 

Since B > 2 and since p(A) —► 0 as A —* oo f it follows that 

lim h — 0. 

A—to 

Similarly with It . Thus (37.14) becomes 
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?'»(£) = K(l) £ e ,lu k(u)B<t>(Bu) du 

= n(£) (2 t)« £ rA “ B ^ Bu ) da £ K(y)e~ luv dy 
= f ’ n(f) ( 2 J) 1 « £ dy £ c"' < ^ v, B«(B«) du 

The last result with (37.11), (37.12) and (37.13) gives 

(37.15) £ ff„(*. «) dx £ A'(v) dy = /<’„(*) £ AT;/)* ( £ dy. 

But / fT n (Xfc) = 0, /c 5 ^ a. Thus 

(37.16) f H n (x, B) dx f K{y ) dy = 0, A; n. 

J-00 A*-* 

Since b\(\ n ) — 1 , (37.15) gives 

/ *> i* 00 r 00 f AK-vW* 1 

R n (x,B)dx J ^ A(y)dy = J K(y) |<t>(0) + | < 1 >'(j*) dx j dy. 

Since 4>(0) = 1 , this becomes 

/ » r® /•» r (A„ 1/)/* 

/e n (j, A) dx / A(y) dy = 1 -f / A(?/) dy / «J>'(j*) dx. 

00 A,,—Z •/— 00 Jo 

Since | $'(x) | < Cm , 

I r (X " v)// ' I lx _ 7y I 

(37.18) j jf $'(3-) rfx | S C’„ j 1 . 

Also since | <!>(.*) | < C ib 

. r (K-v)lu I | /x _ i/\ I 

(37.19) jf *'(r) dx | = ) - *(0)| <26V 

Thub if C’» ib bo ehobon that 

then by (37.18) and (37.19) 

j £ K(y ) dy J $'(z) dx | ^ Ci 8 —g- n £^ | A(y) | dy + } < Csi — g — 1 + £. 
If we take B - £„ = 4C 3 i(X m +1), then by (37.17) and the above inequality 
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I r .(■r, Bn) dx K(y) dy I ^ 1 - J - } « l 
1 JL« *x«-» ! 

Thus if we set 

(37.20) y n = / #n(z, #n) da; jf AXy) c%, 
then 1 7 n | ^ Let 

(37.21) Ii,{x) = ftn(x ’ Bn) . 

Tn 

Then by (37.00) 

L\ RM \ dX <Ca \F'{K)Y 

Since by Theorem XXX, | F'{\ n ) \ > e <x “, (35.10) follows at once. (Since 
| F'(\ n ) | > c" 10K " would do just as well, it is clear that A„+i — X„ ^ h > 0 can 
be very much relaxed.) By (37.10), (35.17) follows. By (37.10), (35.18) 
follows. By (37.20) and (37.21). (35.19) follows. This completes the proof 
of the lemma and therefore of Theorem LYJ. 

38. Proofs of the remaining theorems. Theorem LY is proved by showing 
that its hypothesis implies Theorem LVI is satisfied. 

Proof of Theorem LY. (35.00) and (35.09) arc* obviously satisfic'd. C’learly 

n _ 7? -M _ w(Xn+l - A„) - Xn 
X n An-f-l X n A n +1 

Since \ n -n — A n is increasing, 

n(Xn 4 -l — Xn) ^ (Xn +1 — A„) -f (X„ — X„-i) + • • • + (A* — Ai). 

Thus 


But X„u — X„ 
large n 

(38.01) 


n _ n + 1 > An+i — X n — Xi 
X n Xn+1 XnX n +l 

oo ; otherwise we have Theorem LI. "Pirns it follows that for 

Jf_ > n + 1 
An X n +1 


If b > a and Ay S h < Ay+i , X n ^ a < X„+i, then clearly 


A («)_•+■ 1 n + 1 

a ~ X n +i } 

If N > n then by \38.01) it follows that 


n + 1 > N 
Xn+1 Ay 


m n 

h Xy 
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(38.02) A_(«) + 1 A(6) b> 

a b 

If n = N then A (a) = A (b) — v and since b > a, (38.02) is true here also. 
By (35.07) 

- y.a _ r 4r *(*) a.. 


pi(w) = max / 

x~ra(u) Jo 


x 2 + y 2 y 


Using (38.02) 


PiU) ^ max ™ 

/>«(«> L4> x 2 +>i* y 


4x , hj + A <*) + 1 f“ ix ^1 

+ v s y * J * j* + v‘ J 


f4 f'A(( 
nax / - 
*«<«)L- r *'o v 


My) 


dy + 27r 


By (38 02) for large x 


aw +1 g 1 r A w+ 2 ,/ ;/ < 4 f A(!/) ^ 

j* j — \i Ai y •** y 


' ,ws 




Using (38.02) for large a, 




Thus (38.03) gives 


Since A(</) £ 1, (i/ > Xi), (he above inequality implies 
, . . C s7 r M A(y) , 

(38-04) y V ' 

Since for large u, *(«) - 0, it follows from (38.04) for large « that 
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(38.05) 


0(u) = max (n(v)p(v)) ^ 



A(y) ,h,. 

V 


Thus (35.03) implies (35.12). 

In the paragraph following (37.07) it was shown Ilia I for large u , 6(v) < w. 
Thus ot(u)p(v) < u for large u and therefore (35.02) implies (35.10). 

Sinee k{w -f s) is analytic for | # | ^ 8 and v ^ —5, 

A-(«’ + «) = &(w) + sA-'(^) + 0(| s | 2 ) 
for small | a |. Thus 


k(w + a) 
k(w) 


1 + * 


k'{w) 

k(w) 


+ 0(|* | 2 ). 


From this for small | ,s | 


log 


k(w -f- .s) 
k(w) 


k'M 
* k(w) 


+ 0 ( 1 * 1 *). 


Taking ams = — am (k'(w)/k(w)) and taking the real part of the above 
equation, 


log 


| k(w 4- s) 
1 k(w) 


w :Si + " (1, 


I 2 ). 


Since it is given that 


it follows that 


log 


k(w 4* «s*) 
k(w) 


^ M <*(| N’|), 


| k'(w) 
I k(w) 


^ «(| w\), 


v ^ -8. 


Setting w — u 4- < s> , | # | 5* 5, this becomes 


|^|i- a ’ (l " l + N) - |s ' = 4 - 

Combining this with (35.02) it follows that 


■or 1!+* i*i«(«)+ io B «(i »i+i„D. 

Or 

1°K | ^ | ^ M »(«) + log a(\ m | 4- | * |). 

By (3G.22) log a(v) < 2 6(u) 4* log 0 8 . Thus 
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(38.06) log j * j ^ 0(a) 4- 20(2a) 4- log C 8 , |«| £ p(a). 

This result while it is not exactly (35.11), sme.s quite as well as (35.11) in the 
actual proof of Theorem I AT it we replace 6(u) by the larger function 0(2w) 
throughout the proof. This completes the proof ot Theorem LV. 

In proving Theorem LVI1 we inquire the following lemma. 

Lemma 38.1. If Theorem I AT is satisfied, then for any c > 0 and any t > 0 
(38.07) k( -j^ = 0(f‘‘IfI Sc,v S 0, 

as | w | —► oo. 

Proof of Lemma 38.1. From (30.22) 

log a(u) ^ 20(a) 4" log Cs. 

Thus by (35.12) 

riog«(y) < M 

L v % 

Therefore 

Hm r-log «(y) # = o. 

v-^oo Ju y 2 

Since «(w) is increasing this gives 

hm «(m) J % = ( > 

u-»<» J u y 


or 


lim “W = o. 

M—co U 


Thus for any c > 0, 

(38.08) “(“) < 


]«)—>■ «■- 


But from (30.22) for large it 

Since a(u) is increasing it follows from this and (38.08) for large | u | that 
(38.09) p M > e ,|Ml * 


By (35.10) for real £ 


log 


k{fp + j) 

k(w) 


£M\w\, 


v £ 0, |(| ^ p(M)* 
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For large | w 

|, p(| w |) is decreasing. Thus 



p(iv + £) ^ p( 2 | w |), 

1 f 1 & c. 

Let | & | S r, 

= £0 — np( 2 | w |), 


and let N be the integer for which 



-p(2 | w |) S - N P (2 | w |) < p(2 | w |). 


Then 


£ » £ JV. 

Adding from 

n — 1 to n — N 





Also 

H“iw''’I s "I'l- 


Adding the above two lesults and observing that, from the definition of N, 


NS 1 + in S 1 + 7 „-f— 

p(2 | w |) p(2 | u> |) 


it follows that for large | w | 



loir 1 + i < 10 1 

1 k(w) \ p(2 | w |) ' 


By (38.09) 

.. 

1 i 1 s«. 

Redefining e, 

(38.07) follows at once. 


Lemma 38.2. If Theorem LVII is satisfied, there exists a sequence 
\R n {x, B) I, such that 

of functions 

(38.10) 

j[jR.0r, B)\dx < C a , 


(38.11) 

f'l R n (.x,B)\dx <?», 

*'-oo A n 


(38.12) 

«.(*, B) = 0(e~ 2A *), 

x — > oo, 
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(38.14) li m f «„(*, fi) dx f K(y)dy = 1. 

B-»oo J-x» JX B —* 

Proo/ of Lemma 38.2. Let 

(38.15) r „(«, B) = ^ 2t)I7! £ %)e ^^{By) fh ,{u - y)c^dy 

where r = 2r/L and <t>(u) and g„(u) are defined as in Lemmas 31.1 and 34.2 of 
Chapter X. Using (38.07) and proceeding exactly as in the proof of Lemma 
33.1, (38.10) and (38.11) follow at once. 

Let 


)„(«,, B) = Hw ^y„j_ r Hw - y)e-°°‘""-’ WA 4,(Bw - By)h n (y)dy 

for v jj£ 0, w = u -f tv . Then for w — u this definition coincides with (38.15). 
For v £ 0, r n (w, B ) is analytic. Also for v ^ 0, by (38.07) and (34.07), 

(38.10) r„(ir, B) = (){B | w | c , '"°\ Ci '> n ' v 1 | r «»■«*»|) 

as | w | x. Since 


if 0 ^ y ^ 2A, 


and therefore 
(38.17) 


5)i co.di 


n + iv 

~2 T~ 


~ cosh 


u 

2 A 


cos 


V 

2 A’ 


9i cosh 


u + iv 
2 A 


1 Ju>\l2A 
100 c ’ 


coah u>/2/ _ Q^-(1/I00)f i" l l* A ^ 


Therefore if e < ]A, (38.10) gives 
(38.18) r n (w, B) = 0(<- c “ 


Since 

Ut ’ b) = (2^)«« £ r ^ w ’ B y"‘ ,iw * 


0 ^ v £ 2A. 


it follows from (38.18) and the Cauchy integral theorem that 

el 2 t A 


B.(x, B) S j[ 


r B)dw\ 
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and by (38.18) 

U n (r t B) = 0(c~ 2Ax ), oo. 

This proves (38.12). 

Let 

(38.19) T(x) = £[“ e-°°""" u e'"” dw. 

By (38.17), the Cauchy integral theorem can be applied as above to (38.19) to 
give 

T( x) = 0(e -2 ‘"* i ), 

and thus 

J \T(x)\dx < oo. 

Also by the Founei transform theorem, Theorem K, 

J T(x)dx = = 1. 

If we now treat 

(38.20) B) = (2 B y n £ Hu - y)c " )r - A </>(Bn - By)hJ,j) dy 

in the same way as in ihe proof of Lemma 33.1 and in addition use (38.19), we 
have 


f R n (x, B) <ix f K(y)dy 

J—ao *|-I 

(38.21) 

= HJ,s) f ^K(x)di T{y)<t> y * v Jdy. 
(38.13) follows at once on setting * = \ k , k ^ n. If « = X„ then, as B —* oo, 
£ R„(x, B) dx Jf" * K(y) dy = £ K(x) dx £ 7’(;y)<J>£" ~ * R ~ U ^dy 

r** 1 !* fU 1 /* /o. _ _ \ 

= L, KMlU L. ny) *K -b > + o(1) - 


(38.22) 


But, 


*C“ B V ) = * (0) + J C 1 ¥{y)dy 


= 1 + 


°W' 


kiss 1 ' 2 , |j/| S B'“, B->oo. 



PROOFS OF THE RKM\LM\(i THK011EM8 


225 


[38 1 

Thus formula (38.22) gives (38.11). This complete* the proof of the lemma. 
Proof of Theorem LVII. Wc* have 

(38.23) 2«»/ K(y)dy-f(x) 

with f{x) hounded, and by (35.13) 

(38.24) a n = 0(c* x "). 

Multiplying (38.23) by R n (x, B) 

(38.25) f R tl (x, B)dx X) a, [ K{y)dy = f R n (x f B)f(x) dx. 

•'—oo 1 x J— so 

Clearly 

f | «„(/,«) (hr Z a, f A(,,),/J 

•Loc 1 •'A*-* I 

5 [ | /?„(/, B), u, "|rfar2 |<I,< “ |r'- ” [" | K(y) | dy. 

J—oo 1 JA*—x 

Since A'(-r) = 0(<■~ </ "• ,, ) 

f \K(y)\dy < 
lor some C independent ol /» and x. Thus 
[ | R n (x, B) | dx 2 | a k f K(y) dy ^ 

J-OO 1 J\ k X 

r \Rn(T,B)r u '' )r \dx'j£\a k \< (4fi)X *. 

J- oc 1 

Thus by (38.10), (38.12), and (38.24) the order of integration and summation 
in the left side ol (38.25) can be inverted. Using (38.13) and (38.14) this gives 

a n = lim f R n (x, B)f(x) dx. 

H-*ao J - oO 

By (38.10) and (38.11) this becomes 

lim sup | a n | ^ Cm lim sup \f(x) |, 

n —*oo x-»oo 

which completes the proof. 

Proof of Theorem LVII1. Let 

gm = n (i + ”’) ^" ,kn - 

Let w - re l9 . Then if A (t) is the number of X w < t, 
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log | G(re* 9 ) | = j£ jlog 1 + ~ | - r -~- 


Integrating by parts, 


log | G(re' e ) | = -r 2 j^ 


f" t( 2 cos 2 0 — 1) + r cos 0 A(0 
lo t 2 + 2rf cos 0 4- r 2 f 2 C 


For | 0 | ^ }ir, 2 cos 2 0—1^0 and therefore 


Jo < 2 + 2r< cos 0 + r 2 f 2 
g — r cos 0 ~ 


_ r r Ai 
- rCOS U 4r 2 < 

- Jr cos 0 jf 


But (35.15) is equivalent to 


dt = oo. 


1*1 S It. 


Thus for any a > 0 

(38.27) Ior | <?(r,’') | g -3ar cos 0, | 0 | g 

for sufficiently large r. By deleting some of the A„ it is always possible to make 


Um A «=0 

t — 00 t 


without affecting (38.20). Thus if 




then Theorem XXX holds. Thus by (38.27) and (21.06) for large r 
(38.28) j| g |0| g It, | re*' -X„|g JZ, 


= 1 /ff (l - -) e'" /x ” 

f(w) / \ i y \j e 


ThuR as above 


* t( 1 —J2 cos 2 0) + ^cos 0 A(Q ^ 


2 r <d -_2 

Jo * 2 - 


2r< cos 0 -f r 2 f 2 


For iir ^ | 0 | ^ Jir, 1 — 2 cos 2 0^0, and thus 
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— 10(1 — 2 cos 2 6) f ^ — r cos 6 [ 

J ho t 2 + r 2 t J 0 


r 2 A(0 
< 2 + r 2 t* 


-5(1 — 2 cos : 


s*)f f 

•bio t 


•‘{f* 


Therefore 


(38.29) log 


f(rJ) | ^ -5(1 - 2 cos 2 f) log £ - J r cos 9 1 J 


From (38.29) if w - // -)- fy, 


G(ttO < Xio 

F(iv) = |v| 6 ' 


By (38.26) for any a and sufficiently largo r (38.29) gives 


I G(rc' e ) 

I F(re'°) = 


^ —2 log r — a r cos 0, }tt ^ 101 ^ 


Combining this with (38.28), if to = w -f iv, 


(38 ' 3i) S =o (fe”p)’ ,w| -' x ’ u ="• 


(38.32) 

Since (38.31) holds for any a , wo can close the path of integration in tin* above 
integral to the right for any real y giving 

(38. 33) J(y) = L 

By (38.30) it also follows from (38.32) that f(y) is uniformly hounded for real 
y. Thus there exists 

(38.31) (2 ly'dj {yy,,lidy = S - 

By (38.27) and (21.07), (38.33) converges uniformly for y ^ — x. Thus 
1 r f(v)c~‘ ll2 <lv = £ < ^ ) —— f e~ K “~ y ' n dv 

(2t)>' 2 L fW y YF'W(2.fL V ~ 


Making an obvious change of variable in each integral on the right 

1 (" „ S -,*« , _ v G(\ n )e'-' n r . 

(2*)«jL /(s ' )c dy ? >'(X.) L+k. (2T)'l* dy - 
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By (38.34) it follows that 

/qq r v G(\ n )eW r c"**' 2 , 

(38 - 35) lZ ? ~¥<KT Lk Hri** = S - 

On the other hand (21.05) implies here, for any c > 0, 
F'(w) = 0(e ,M ), 

Thus for large n 

(38.36) 1 


Also for 0 ^ x ^ 1, 

d_ 

dx 


r<M I > c Xh * 

[(1 + x)e - e~* a ] = x[2c ' f - c~ r ] > 0. 


Since for x — 0 

(1 + x)cT* e~'\ 

it is true for 0 ^ u ^ 1. Thus foi u > 0, 

(?(«) II c ”' x “ II (l “' x > 

X*> u \ Xj»/ 

fe II f-“ A " II f-“’ ,x ». 

X»J?w X B >u 

Since \ n ^ it follows that 

E * s E T < J (. + log;) 

X n <« A n nl<iu 1\L Jj \ />/ 


and 


Thus 


Z A < E ’ s) 1 .. 

X n > it A n n i > it H Z L Z it U — L 


I w I • 


t/(u) 6 exp J— (1 + lop, u/L)u/L — if/L(u — L )|. 
And therefore for large n 

G(X„) £ e luX " logX » // . 

Combining this with (38.2(i) it follows that 


G(X „)e x * /2 
|F'(XJ| 


lim 


- = 00 , 


But these are the coefficients of the series (38.35) and therefore their sum must 
diverge. This proves Theorem LVI1I. 



CHAPTER XII 


ON RESTRICTIONS NECESSARY FOR CERTAIN HIGHER 
INDICES THEOREMS 

39. A restricted higher indices theorem. We have in the last two chapters 
succeeded in obtaining general theorems which state that under certain condi¬ 
tions on K(x ) and |X W }, and with no restriction whatever on {a M }, 

00 *00 

lim «» / K(y) dy — * 

*-*oo 1 "X n —x 

implies that 


00 

Eftn = *. 

1 

In the case* of K{x) — < x * ls /(2r) m there was no general theorem if X„ satisfied 
nothing more than X nn — \ n L > (). In the example we gave to show' that 
this was the case 


Here a n is very large. The question arises as to whether or not it is possible for 
» r°° e v */* 

lim £ an / , 0 . m (iy = «, Xn+l - Xn ^ L > 0, 

z-oo 1 "\ n -x (2tt) 1/2 


and yet for ^ a„ to diverge if a„ i* somew hat smaller than in (39.01). We shall 
show that this is not possible. In other words with a very mild restriction on 
the size of and X„ + i — X„ ^ L, a Tauberian theorem follows for K{x) = 
c - ri, */(2 T ) m . 

A general result of this type is true* lor a large* class of K{x) which fall under 
the* unrestricted Tauberian thee>rem of the last chapter. Actually w'e shall 
give a complete proof only feu* K(x ) — c T n /(2i r) J/ “. The reason fe>r this is that 
a general statement would be* ve*ry complicated and lack precision. However 
the method of proof used will be* e*asily applicable te> e»the*r K{x), and wherever 
any part e>f the* prejeif for e /{2ir) [l2 does ne>t generalize in an e>bvious manner 
we shall point emt exactly how that part de>es generalize. 

The thee>re*m fe>r K(x) — e l2 /(2ir) ll ~ follow’s. 


Theorem LIX. Let 


(39.02) 



* ( 2*) 1 ' 2 


dy = f(x). 


If Xn+i - X n ^ L > 0 and 
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(39.03) a n = 0^e*xp j^X 2 n - log X„ - y(X„)j^ 

where y(u) is increasing , y'(u) < m/u, and 

(39.04) f e~ yM ~ < 

j 1 v 

then 

(39.05) lim/(x) = s 

x-*oo 

implies 

(39.06) f) o. = «, 

1 

or 

(39.07) lint inf {/(.r) — «j = — il, lim sup {/Or) — «j = S2 

x-*oo x—*oo 

implies 

(39.08) lim sup I 2 

n-»oo I 1 ' 

where Co depends only on L. 

How Theorem LIX would be* stated for K(x) other than e~ x * lz / {2 tt) U2 will be 
clear from the proof. 

Theorem LIX is a best possible result in the following sense*. 

Theorem LX. For any A > 0 there exists a segue nee |a, t ) such that 


(39.09) 

a« = 0(exp { In*L 2 — 2ri log re — An)), 

and 

-0 r -0 v 2 l 2 

(39.10) 

lim 2 «n / fo v ,,//// = <S. 

jr-eo I •'«/,-* (27r)‘' z 

Bui 


(39.11) 

lim | a« | * oo . 


The proof of Theorem LX is quite simple* and can be given at emce*. 
Proof of Theorem LX. Let 


(39.12) 




1 ,.-0*1/2 e -wLy-2Aw ^ 

2iri J—iao+ 1/2 sin irier(l + 2w) (1 + w) 3 ‘ 


By Stirling’s formula, (41.07), if w = u + iv and | am w | ^ f t, then 
(39.13) | T(1 + u -f- iv) | ~ (2ir) 1/2 exp { — v tan -1 v/u + ( u + |) log | w | — a). 
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Thus 


1 __ 

r(2 + 2 iv) 


0(e’ M ) 


and therefore (39.12) implies that/(y) is uniformly bounded (- « <y < »). 

Also by (39.13) the path of integration in (39.12) can be closed in the right 
half-plane to give 


* (— -i\ n nLv ~ 2An 

f(y) = £ L_ii. e _ 

i T(2n)l(l+n)»* 


Multiplying each side by e~ v ' n and integrating 


-z 


2An 

(2n)!(l + nj» 


L 


Or 


t( 2»)!(1 + n) 3 

n i lA/2~ 2An /•« 


-<V+nL)*/2 


d?/. 


/ °° 00 / i\n n*D*/2—2An /•< 

. e " ' ^ dv = ? i(2»)! (1 +i)» /, 


Since /(?/) is uniformly bounded, this gives (39.10) at once with 

^_-Qn gTi*L a /2—2An 

= t( 1 + n) 3 (2»)! ' 


That (39.09) and (39.11) are satisfied follows at once. 

40. Proof of the theorem. We now turn to the proof of Theorem LIX. 
As stated before, the method of proof will be a general one. In order to best 
show this we shall occasionally use the more general notation K(x), k{u) and 


max 

i 




t(|u.|) 


| k(w-{ i)| 
k(w ) 

In our proof, of course K(x) = e lil2 /(2*) 112 , k{u) = <f 
vL | w | + 1*1?. For the rest of the chapter (\ , C 2 , 
sent positive constants depending only on L. 


v^O. 

l /(2*) 112 and a(| w |) = 
will be used to repre- 


J/emma 40.1. There exists a set of entire functions \H n (s)\ such that 


(40.01) H n (\ k ) = 0, (k*n), H n (\ n ) = 1. 

H n (x) e L(~ 00 , 00 ) and its Fourier transform is h n (u ) where 

(40.02) K{u) =0, \u\> v/L, 

(40.03) I Kiu) | < COft, 

(40.04) I h' n (u) | < C,X£\ 

Lemma 40.1 would remain the same for any K(x). 
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Pioof of Lemma *40.1. n is kept fixed throughout the proof of this lemma. 
Let 


Then 

and 

Let 


<T k — kL if | kJj — \ m + X,i | > §L for all m > 0, 
ok = kL if kL — A m + A* = \L for some m, 
ok — A»» — A n if —\L ^ kL — A m -f- A n <C %L. 


\o k - kL\£ hL 


Oku ~ <Jk hL. 


Then as in (34.05) 

(40.05) | T(s) | £ C.( 1 + | * I)'V m/ ' 


where t — 

From the definition of ok it is clear that jo-*} contains }A m — A*}. Also if 
| A n/L -f-10 — N | < 1 and if A < — A r , then o k a* \ m — A„ for any m since for 
k < —N, ok lies to the left of all A m — A w . Thus if C 7 is an integer and (\ > 
C« + 4 and if 


then (40.01) is satisfied Bv (40.05) 

a+ e 7 

|H.W| SC s (l + |«-X„|) r V l,l/t II 


kL 

| kL s — A. | 


Since | NL - K I £ 11/., if | « \ > (C, + 20)7. 
(40.06) 


„ M | <0,(1 +I*-A. Ifc'"'"- 

HMl - o + i«ir ,+4 ' 


Since H„{s) is an entire function this must also hold foi | « | ^ (C7 4- 20)L if 
C\ is adjusted. 

Let 

(40.07) M») = (2 j )l/s /” ,h. 

By (40.0G) if v > 1 r/L, the path of integration in (40.07) can be dosed in the 
lower half-plane giving h n (u) — 0, u > r/L. A similar result holds for u < 
— r/L giving (40.02). From (40.00) and (40.07) 
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from which (40.03) follows at once*. (40.04) follows similarly. This completes 
the proof of the lemma. 

[In a general theorem il would bo necessary et this point to set up another 
lemma to prove the existence of a function, ^(w), analytic in the upper half¬ 
plane, v ^ 0, and such that 


I Ku)e a 


£ e" 


where 0(a) is even and monotone increasing for u > 0, and 

° 0(u) 


i 


au < oo. 


Also V'M is to be of as small an order as possible in the upper half-plane speaking 
qualitatively. To be precise* i{w) is constructed as follows: 

Lot N be the* smallest integer so that 

Obviously N > 0 e>the*rvuse the* requirements of Theorem LI would be satisfied 
and an unrestricted Tauberian the*orem wemld be true. For N = 1. 

Whatever N may be, let 

1 (r' r\ ,,v (N+_l)8 ^^ 2 sin N0 


r 


$*+1 (J? 2 - 2cos e + £ 2 ) 


Then since 


ft A+1 { sin (N + 1_)« - sin NO = „ Jftc’*)"^_ 
t K +>(R‘ - 2ft£ cos e +>) ' (I -~fte**)£" + ' 


= 3 i_JL 


ft/' 

f* 


(ft/ 8 '" 

£N+l 


r}. 


T(/?, 0) is analytic in the upper half-plane and is equal to a(R ) for It > 1 and 
0 = 0, or 0 = tt. Let V(It, 0) be the conjugate function to V(R, 0). Then if 
w = 

*(u>) = 

Jn case K(x) - e~ x * n /(2ir) m it will suffice to take \l/(w) = T(1 — 2iw/L).] 
Lemma 40.2. There exists a sequence of functions {R n {x, B)} such that 

(40.08) j[ I Rn(x t B)\dx < CeXn 10 , 

Rn(x, B ) * 0(exp{|La; - 0(ce L * /2 ))), 


(40.09) 
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if $(x) is monotone increasing and 

(40.10) f dx < <x>, 

J i x * 

and c is a positive constant depending on B. Also 

(40.11) f R„(x, B) dx f K(y) dy - 0, 

•>—oo 

(40.12) lim f R n (x, B) dx f K(y ) dy — 1. 

H -*ao J-oo •'Xn-2' 

Proo/ of Lemma 40.2. Let <£(w>) be defined as in Lemma 36.3. Let = 
T(1 — 2 iw/L). Let 

*( s ) = ^ e~ r ‘ LI *e' Ln . 

Then it follows easily that 

£«* = r (i - 17 ) 

and in particular then that 

[ ty(s) ds = 1. 

•Loo 

In general terms let 

(40.13) >■„(«., B) = k(w ^= )m J t/l *.(£)*(«> - £)*(«' - £)<f>(B«> - B{) -/£. 

In the case under discussion here 

r n (w, B) = h n (Z)e v * {5/2 r|l -j(w- Z)j<t>(Bw - B£) 

Since 

max | e“ ( | = f' |u| " 

ItlSWz 

and since 

max I iYl - t (« ~ f)) I = 0(| it | f-' 1 " 1 "), 
mI \ L /| 

it follows that 

+* r*lL 

I r n (u, B)\ £CuB\u\(l + \u\) / | KiSMBu - B{) | d*. 

J—w/L 

Using (40.03) and Lemma 36.3, we get in the same way as in Lemma 33.1 
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I '■«(«, B) | S Cu , 

1 TW 2 

Proceeding similarly we obtain a similar result for r n (u, B), and using tliese 
results just as in Lemma 33.1 gives 

f i /?.(*, B)\dx< c u \ i : 

•'—oo 

where R n (x, B) is the Fourier transform of r„(u, B). This proves (10.08). 
Exactly as (38.20) gives (38.21), (40.13) gives 

J R n (x, B) dx J' K{y) dy = H n (js) J K(x) dx J *(s)<J>^ ^ dz. 

(40.11) follows at once on setting a — X* . Setting s = X„ and proceeding as in 
(38.22) gives (40.12). 

It is the condition (40.09) which causes us to write this theorem for a particular 
case rather than in general terms. For this condition is obtained by con¬ 
sidering integrals along various curves in the complex plane and does not 
express itself at all simply in general terms except at a considerable sacrifice of 
precision. 

Here 


Tin Or, B) 

(40. H) 



— ii/ r 

( 


dw 


j- uiw 

■ ^ («’ - - n& rffj. 


By the Cauchy integral theorem the path of integration can be deformed to P 
where part of P consists of a semicircle in the upper half-plane of radius r and 
center at w — 0 and the rest of P is (— * , — r) and (r. ). 'Thus using (40.03) 

for M£)> 

max >‘l'(l 

m*-»// I \ B /I 

and Lemma 30.3 for <f)(Bw — B£), (40.14) gives 




i 


(40.15) 

Let the radius of the semicircle in P be 


, 2 exp |C „liv -»(JBu) + B(1v loglw|)] , , , 

1 ' 1+B‘td 1 '■ 


r = exp |JL(x - C n B - 1)). 


Clearly (40.15) can be written as 
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| R n (: r, B) | ^ CieXj^Br 3 J exp jr sin t^— x + CnB + J log— 0(JBr cos f)j dl 

a~ r r*\ 

.+/ )!“»*' 


Using the definition of r this gives 

I Rn(x, B) | g C 1# X?Br‘ jf dt + C a \' n ‘ 

f f**/* r rl* } 

^C w X?Hr 3 |j e- r *" u dt + 2 j- <f* (( * r/2)OOB c/t + c ' ( * r/2, j 
^ Ca^'B^le-'' 21 '* 4- e~ 9(Br,i) |. 


Since $(u)/u —►() as«-> «,as we have shown several times, the last inequality 
gives for large x, B n (x, B) = 0{Brc~ e(Brli) ). This gives (40.09) and completes 
the proof of the lemma. 

[(40.09) depends on the K(x ) used and will be very different for different K(x). 
The rest of the proof involves the use of (40.09) and therefore* the detail is 
significant only for e ~ r2/2 although the general idea involved in proving Lemma 
40.4 does not change with iT(x).] 


Lemma 40.3. If y{u) satisfies (39.04), there exists a monotone increasing 
function , 5(u), such that 5(u) —► oo as w —► «, 

(40.16) S'(u) = o(l/w), 
and 

(40.17) / — du < oo. 

Ji it 


Proof o/ Lemma 40.3. Let 

7/ 

Then {e„} is a monotone decreasing sequence and e„ —> 0 as n —> oo. Let 
t?i , n 2 , • • • be a sequence of increasing integers such that 


Let 


€n, 



2 2 * 


«n 3 < 


2 3 ’ 


6n 


1_ 

n\ * 


0 £ n < wi; 6„ =-, 

712-771 

h n = —- , n 2 £ n < n 2 , 

n* — 7i2 


77i ^ n < n 2 ; 



PROOF OF THE THEOREM 


237 


Then obviously 


£ b n - 


® « "4—1 W 

Z ')»*■ ill -**=*- sf; 1 = i. 

»“»l n*-i Tli — ft*_j *-2 2* 1 


2" 5 t < 2” 


/ «o 00 , 2" * 1 ao 

Hi)di = Z!:( <ii = £ t„ = 

>*=»0 2 W J2 n n—0 


On the other hand, 


•'l f/ „-0 2" J 2 " •'2“ 




Or integrating by parts 


r c yw '^ t“ h(Q <n 

j 1 if Jo 


6(u) = log J h(l) (it 


Then by (40.19), 5(a) —► » as m —* ». By (40.18) /t(0 ^ 2// since 6, 4 ^ 1. 
Since 

g,, v _ /?(w) < 2 

Jo /i(0 rfi uj%h(t)dt’ 

relation (40.10) follows from (40.19). Inequality (40.17) follows al once from 

(40.20) . 

Lemma 40.4. If Theorem L1X is satisfied and f(x) = 0(1), then 

(40.21) a„ = 0(X^°). 

Proof of Lemma 40.3. If we show that we can invert the order of summation 
and integration in 
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/ oo *> /•» V*/2 /•<« 

B) dx 2 a, / = / tfnCr, B]f(r)dr t 

then by Lemma 40.2 

I fln | ^ lim sup f | #*(j, B)f(x) | dx = 0(X|» 10 ). 

B-» oo J-oo 

Thus this lemma depends on showing that the order of summation and integra¬ 
tion above ean be inverted. This can be done if 


(40.22) E | «< | / j B) I dx f’_ c ‘‘ l! dy < 


Clearly 

/•(l o*X*)/L |*oo 

Ji(.k) = \!Ux,B)\dx 

J —oo 

/.(log A*)// 




Z liOgA*}// /*0O 

| R,(x, B) | dx I ye^dy 

oo •'Afc-(iog x*)/; 


Also 


(10.21) 


S exp |-JXt + (X* log X,)//, - J(log X,)7L 2 | /” I B„(.r, B) \ dx. 

■h(k) = j[" s | R„(j, B) | dx Jr r‘'“dy 

§ f < “' l! dy f \B n (x,B)\dx i 10 f“ \H n (x,B)\dx. 

oo A*/2 •'x t /2 


Finally 


(40.25) 


^(fc) = f | /*) | c/x f o 1,2/2 dy 

*(>o« Afc)/// Jx t -» 


:iogx fc )/// 

/•a */2 


^ [ ‘ IWj, z*)|r (A * "’"eAr 

AlogXfc)//. 


A*— 

(A* J-) 2 /.’, 


So li " max | B„(.r, B)/*'| f" e ''“dx. 

(log Ajt)//<*<Xt/2 •/—oo 


(logAjt)//g*iX k / 

It is clear that (40.22) is equivalent to 


(40.26) E | o* | (J,(fc) + ./,(*) + J,(i) 1 < «. 

That ^ 


(40.27) 


23 I a k | J i(*r) < « 
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follows easily from (40.23) and (39.03). We shall see dial 
6(x) > (log r) for largo x. Thus (40.09) gives 


call assume that 


or 


B) - ()(oxp jjjLj - (log c -f- \Lx)*\), 


Unix, B) = 

Thus for large X*, (40.24) becomes 

H X t ) = O^jH * = 0(e 

This implies that 

J,(l) = 0(e- k 2' 2 ). 

But this last result and (39.03) give 


£ I (ik\Ji(k) < <*>. 

i 

Thus of (40.20) there remains to be proved only 

(40.28) Ea l ./aW<». 

1 

Let 

««» 

where 5(u) satisfies Lemma 10.3. r rhen by Lemma 40.3 

/ * 0(u) 

u du < oo. 

Let 

g{u) = 

Then 

ff’(u) = /‘“’(l + «/3'(«)) = /' jl + 1()M - S'( WM ))j 

It follows at once from (40.10) that for large a, g'(u) > 0. That is, g(u) is 
monotone increasing for large w. Let B(u) be the inverse function of g(u). 
Then 6(u) is monotone increasing for large u. Also by (40.30) 



240 RESTRICTIONS FOR CERTAIN HIGHER INDICES THEOREMS [XIII 


r 


du 

0W 


< oo. 


Integrating by parts 


l tw*™ < 00 • 

Let x — g(u). Then the above inequality gives 

r 


’ 6(x) , ^ 

Y d * < «. 

X 1 


This is (40.10). Also since 0(u) ^ y(Lu/lOM), and since y'(u) < M/u implies 
that y{v) — 0(log u), it follows that 0{u) = 0(log ?/) = 0(n ,/10 ) for large u. 
Thus for large u 

g(u) < f- 1 ' 1 

or if x = g(u) 

(log x) 3 < 6(x). 

Thus for large x , 8(x) satisfies all requirements. Moreover for small x we can 
change 0(a-) to meet any requirements without affecting anything in the following 
argument. 

By (40.09), 


(40.31) 


J t (k) = max 1 7f.,(x, J5)r x *' | 

(logXjtl /1 gi<« 


= 0 ( max exp \$Lr — 0(cc Lrri ) + X*.r} V 

VdrtgX*)//^x<oo / 


k —> oo. 


Let ce ,xli = y. Then 


max e 
.(XJ,/*gv< oo 


(40.32) 


Ji(k) — 0 ( m 
irge A, 8(y) 

Jt(k) = 0 ( max e (3 

\9(cX*/*) < w <oo 


(3 12X* /,) (log j/ logr)— 0(y) 


)’ 


We observe that for large A, 0(y) is involved only for large y. Let 0(y) — u. 
Then 


f2Xfc/L)(Iog ff(«) logr)—u\ 


— 0 l ma: 
\0£«< 


(3+2X*// >(logv+0(u)— log c) —u' 


\0£u<oo 

Let the value of u which makes 


)■ 


A* —> oo, 
Ar —♦ oo. 


(40.33) 


( 3 + ^ log U + ~ U 
a maximum be i/ 0 . Then differentiating, 

( 3+ t)(i+«*>)-'• 
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Or 

(3 + (1 + WojS'Cwo)) = Uq . 

From the definition of p(u), (40.29), 

0'(u) < Jr y '( k u .\ 

P 10M y \10M/' 
Since y'(u) < M/u this gives 

0'M < M/u . 

Thus 


^3 + ^‘Vl +M) g uo. 

Or assuming M > 1 as wo may with no restriction and assuming k largo, 

. lOAfXib 
«.< i -. 

Since uo makes (40.33) a maximum, (40.32) now gives 

J<(k) = 0(cxp [(3 + 2Xa,/ L) {log (10 M\ k )/L + 0(1OMX,//,) - log c)]). 
From the definition of 0(a), this gives with c rpdefined 

Ji(k) = 0(exp [(3 -f 2X*/L) {log \ k + y(X*) - 8{\ k ) - log c}]). 

Thus since 5(X*,) —► <» as k — > <» , 

/«(*) = 0(exp [(2X*//>) {log Xa + 7 (X*) - ljj), &->*>• 

liecalling the definition of J 4 (^) and using this in (40.25), 

/ 3 (fc) = O ^exp £-$X* + ^ log Xa + y(X*) “ k —> <x>. 

From this and (39.03) it follows that 

\a k \Ja(k) < 00 , 

1 

and this completes the proof of the lemma. 

Proof of Theorem LIX. By (40.21) it follows that 

a» = 0(e K ). 

From this Theorem LIX follows using exactly the same proof as for Theo¬ 
rem LVII. 




APPENDIX 


41. Theorems used. The following theorems are frequently referred to. 
They are all contained in Titchmarsh, Theory of Functions , Oxford, 1932. 

Theorem A. (Jensen.) Letf(z) he analytic for | z | < R. If /(0) 0 and 

n(x) is the number of zeros of f(z) in \z \ ^ x, then for r < R 

( 4101 ) I “F dX = 2t l l ° g I I dd ~ log I- 

It follows from this that even if /(()) = 0 

(41.02) f nM dx < C log I f{re' 9 ) | d0 + A 

J i X h r Jo 

for some constant A depending only on f{z). 

Theorem B. (Carleman.) Let z = x + ly and let f(z) he analytic for x ^ 0. 
Let the zeros of f(z) in (1 5* | z | ^ R, | am z | ^ \v) he r x e 9 \ r 2 e’% • • • , r tl e t9n . 
Then 

Z (l - jC) cos 8, s - 1 - f log |/(Rr‘*) I cos 8 lie 
(41.03) R) 

+ hl \?~w) log l/(t ' y)/(_i!/){dv + A 

where A is some constant depending only onf{z). 

This theorem can obviously lx* modified to allow for/(z) analytic for x > 0 
and continuous for x ^ 0 . 

A trivial addition to the proof of the above theorem gives 

Theorem B' Letz — x iy and letf(z) he analytic for x ^ 0. Letf{ 0) = 1 
and let the zeros in (| z | ^ R, | am z | ^ §7r) he r x e' 9 \ r 2 c t92 , • • • , r n e l9n . Then 

2 Z ( l - t£) cos = -4 [ !°g I f(fo' 9 ) I cos edd 

k^l \r k R / K R J- r /2 

(4i.o4) + ^l 

m+m 

4 

Theorem C. (Phragm4n-Lindelof.) Letf(z) he analytic in the region between 
two straight lines making an angle r/a at the origin and on the lines themselves. 
Suppose that 
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(41.05) \m | ^ M 

on the lines and that as r —* « 

m = wA, 

where 0 < a, uniformly in the angle. Then (41.05) holds throughout the region. 

Theorem C'. (Phragm^n-Lindolof.) Let z = x + iy and let f(z) he analytic 
for x ^ 0. Let 

f(z) - 0(c l * |,,, ) ) |«|-»«e,|amc|Si*. 

If 

/(*) = 0(«“), *-*, 

anrf 2 / 

/(*!/) = f>(l # IV"' 1 ), I » | —► 

then for (r —► 00 , [ 0 | *r), 

(41.06) f(re' 9 ) = 0(rV° co> m|,,n a|)r ). 

Theorem D. (A special case of the Hadamard factorization theorem.) If 
f(z) is an entire function such that 

m = 0(e'*'‘ 

then 


1*1 -»«, 


/(j) = (1 - *V 

*-l \ z»/ 


w/icrc { 2 *.} arc //»c zcro.s‘ 0 //(z) a/ Mr origin and n is the multiplicity of the zero 
at the origin. 

Theorem E. (Fourier transform.) Lei f{x) c L(— », 00 ). Let 
F(U) = (2 


Then at any point where f(x) is continuous 

AZs« if f(x) e oc , 00 ), 

’ 00 88 
Theorem F. (Stirling’s formula.) 

(41.07) log r(l + z) * (2 + |) log * - z + \ log 2ir + o(l) 
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for (| z | -+ oo, | am z | g it — 5), (5 > 0), where each logarithm has its principal 
value. 

In Chapter IV we require the following theorem on Fourier transforms. 1 

Theorem G. Letf{x) e L p ( — <», x ), 1 < p ^ 2. Then there exists a func¬ 
tion F(u) eZ/ v (— <x> , oc) where q = p/(p — 1) and 

(2 

converges in the qth mean to F(u) as A <x>. Also 

Ur £ 1 r*r a {»• £ u«r*r. 

and wherever f(x) is continuous 

. ,w " il?. 53 » £ ,w ( 1 " 

In Chapter III we make use of the following result which we shall prove here. 
Essentially this result bears the* same relation to Carleman’s theorem as the 
Poisson-Jensen theorem does to Jensen’s theorem. 


Theorem H. Let z = x -f iy and let f{z) be analytic for y ^ 0. Then for 
0 < 0 < x and 0 < r < R 


•ogi/^ui /•« r_ l_ 

r sin 6 ” x jL« K uK 11 U 2 - 2rx co.« 


(41.08) 


cos 0 4- r 2 
dx 


4 


R A — 2rxR 2 cos 0 + r 2 r 2 . 

. 2R /•’, (/? 2 -r 2 )sin* ,, 

+ x i ° g ^ | We** - 2rR cos0c* + r 2 1*^' 


This result will be derived by first proving an equality. 

Proof. We consider 

(41 ' 00) 2« / [f - re 1 * ~ { - re- 9 " - tfV* + rf - TPr 5 *]*^ 

taken around the semicircle (| £ | = 0 < am £ < 7r) and along (— R> R) in 

the positive direction and starting from the point ( R , 0). We first assume there 
are no zeros in the semicircle. Taking the real part of the above integral we 
obtain r sin 0 multiplied by the right side of (41.08). By the residue theorem, 
(41.09) is equal to log f(re' 9 ) and the real part is log \f(re' 9 ) |. This proves 
(41.08) (as an equality) when there are no zeros in the semicircle. 


1 Titchmarsh, A contribution to the theory of Fourier transforms , Proceedings of the 
London Mathematical Society, vol. 23 (1934). 
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Let there be a zero inside the semicircle at z x . Lot 

Then fi{z) has no zeros in the semicircle and thus (41.08) holds for fi(z). But 
on the semicircle 


z — Z\ R 2 — Z\Z _ 
z — Z\ K 1 — z\z 


Thus the right side of (-11.08) is the same for fx(z) as for f{z). The left side 
becomes 


(41.10) 


Since 


log |/(re'*) | 1 . re' 9 - z x it - hre x9 \ 

r sin 0 r sin 6 s re' 6 — z x R' 2 — Zi rc 1 " | ‘ 


re ' 9 — h it — Zi re 9 1 
, re' 9 - R 2 - zire^ 


in the semicircle, the s(»cond teim in (41.10) is positive and can therefore be 
dropped giving the inequality (11.08) for f{z). How several zeros would be 
handledJs*now'obvious. 

As regards zeros on the boundary of the semicircle, the path of integration 
of (41.09) can be deformed so as to exclude these zeros by tracing small semi¬ 
circles of radius p about them and proceeding as above. If we 1(4 p —* 0 then 
since p log p 0 the integrals on these small semicircles will tend to zero. This 
completes the proof. 
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